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PREFACE. 



A FEW years' experience, both as Student and as Tutor, 
has led me to a grateful appreciation of the method of teach- 
ing which is at present pursued by our University ; one of 
the highest aims of which is to promote habits of rapid and 
accurate thought, and in this it is eminently successfed. But 
the nature of the training adopted for this purpose has proved 
injurious to the style of our Mathematical Literature, more 
especially in the department of Natural Philosophy. Our 
educational books of Natural Science, in seeking to fulfil 
the requirements of the Senate-House, have become mere 
collections of definite propositions; generally containing, it is 
true, all the known facts and the mathematical deductions 
dependent upon them which appertain to the respective 
subjects, but seldom ofiPering the smallest relief to the barren- 
ness which is incidental to such compositions: ih this shape 
they have lost all the fulness and freshness of life ; all popular 
illustration, all freedom of expression has been denied them; 
they have been deprived, in fact, of nearly all the charms 
that usually render the pursuit of science fascinating to the 
young. 

This evil, great as it must be confessed to be, and difiicult 
of complete removal, yet seems easily susceptible of allevi- 
ation. If it be found that the mathematical framework of a 
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▼1 PREFACE. 

science cannot be filled up with a sufficient portion of illus- 
tration and remark, without danger of forming a work too 
bulky and too difficult of reference for the time-pressed 
Senate-House student, could not the two parts be with ad- 
vantage separated ? the first might then appear under the 
rigid form of a Syllabus, and the second could be sought 
in books, whose style should, more nearly than it does at 
present, approach that in which our continental neighbours 
are accustomed to write upon Physics. 

It is often urged that it is better to leave each student 
to construct his own syllabus than to present him with a 
printed abstract, the very conciseness of which must be 
repulsive to him: such may be the theory, but if so, it 
would seem not to work well in practice; for with rare 
exceptions the syllabus which an Undergraduate uses, is the 
production of either his public or his private Tutor. But 
it is rather with the view of improving the style of our 
mathematical writing than on account^ of the specific utility 
of a published syllabus, that I conceive the system advocated 
should be more widely extended than it hitherto has been. 

So strongly did these opinions influence me, that in the 
early part of this year I oflfered a Syllabus of Statics for 
publication. My aim was to present a complete scheme of 
the subject to the student, wherein the most important pro- 
positions, and those which have met with some little neglect 
at the hands of our University writers, should be illustrated 
both verbally and graphically; in some instances the defi- 
nitions would have been given in a new form of words, 
and the sequence of propositions slightly altered. But it 
was intended that the marked characteristic of the work 
should be the copiousness of examples, solved for the most 
part geometrically, and accompanied by explanations of the 
circumstances of each case and of the principles involved 
in it. 
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PREFACE. VU 

A few words may here be allowed me in justice to myself 
to explain why, with my views remaining unchanged, I 
ultimately gave my work a character so inconsistent with 
them. Upon submitting the MS. to the consideration of 
some friends, who were obliging enough to undertake its 
revisal, and certainly qualified in no ordinary degree for 
the task, they were pleased to express approbation of its 
arrangeijuent, but urged me to change in some measure 
its design; they wished me to turn it into a complete 
treatise upon Elementary Statics and Dynamics, considering 
that its siniple geometrical character rendered it peculiarly 
adapted to the wants of Schools and the junior students of 
the University. I was perhaps too ready to adopt their sug- 
gestions, without measuring sufficiently my own power to 
carry them into effect : at any rate the patchwork that was 
necessary in order to complete the work of transformation is 
the cause of, and at the same time affords the only excuse 
I can offer for, the unevenness of construction which obtains 
throughout the book. 

I am well aware of how greatly I stand in need of for- 
bearance at the hands of those who may think it worth their 
while to pass judgment upon the following treatise; but 
while I trust that the preceding explanation is sufficient to 
remove all misconstruction regarding the nature of its pre- 
tensions, I hope that its many deficiencies will not render it 
altogether inefficient and devoid of utility. 

J. B. P. 

Clare HaU, Nov. 1850. 
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CHAPTER L 

SECTION I. 

INTRODUCTORY DEFINITIONS. 

1. Ant portion of matter having a definite form and mag- 
nitude is called a body. 

A particle is a body of indefinitely small dimensions : it is 
sometimes called a material point. A body may be looked 
upon as a collection of material particles ; and therefore, since 
all particles of the same substance may be conceived to be 
identical in every respect, the quantity of matter in bodies 
formed of the same kind of material will be proportional to 
the number of their constituent' particles. 

Of two bodies, one would be said to have greater density, 
or to be denser than the other, if it contained more particles 
of the same substance within the same space than the other. 

This explanation gives but a rough idea of what is meant 
by the terms 'quantity of matter' and 'density,' with reference 
to bodies of the same kind, and none at all as to their use in 
the comparison of bodies of different kinds. They will, how- 
ever, be the subject of more accurate definition under the 
head of Dynamics. 

2. A body is said to be rigid when its constituent particles 
never change their relative positions in consequence of any 
change of circumstances to which they may be submitted. 

B 
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When the contrary is the case, it is no^ rigid; it is capable 
of compression or expansion. If such a body, when released 
from the circumstances which have caused the compression or 
expansion, always return again to its original shape and con- 
dition, it is said to be elastic. 

8. When the constituent particles of a body occupy dif- 
ferent positions in space at successiye instants of time, the 
body is said to be in motion; otherwise it is at rest. 

4. Def. Any cause which produces or tends to produce a 
change in a body*s state of rest or motion^ is called Force, 

5. When several forces act simultaneously upon a body, 
their individual tendencies to produce motion may so counteract 
each other that no motion shall ensue ; these forces are then 
said to be in equilibrium. 

6. There are three things to be considered with reference 
to a force which acts upon a material particle : — 

Firsty the position of that particle which is also called the 
point of application of the force. 

Ex. If a body be pushed along a table by means of a 
pomted rod, the force which the rod exerts on the body so as 
to produce motion, is applied only to that particle of the body 
which it touches, and which is therefore called its point of 
application. 

Second^ the direction of the force, that is the direction in 
which it would make the particle begin to move, if its tendency 
to produce motion were not in any way counteracted by the 
simultaneous action of any other forces upon the particle. 

Ex. Thus if a small heavy particle be suspended by a 
thread, as soon as the thread is severed it will begin to fall 
towards the ground under the action of the force of the earth's 
attraction alone ; the direction of this .incipient motion is the 
direction of the force alluded to. 

Again, suppose a small particle of steel-filing to be gummed 
to a piece of cork which is floating in a bason of water and 
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fastened by a thread to the edge of the bason ; if a magnet 
be held close to the surface of the fluid in front of the cork 
no effect will appear to be produced as long as the thread 
remain firm, but if the thread be cut, the particle of steel will 
instantly move in a straight line towards the magnet ; this 
straight line is the direction of the force which the attractive 
power of the magnet exerted upon the steel. 

• TTiirdy the intensity of the force, or its magnitude in 
reference to some other force which is taken as a measure, 
or, in technical language, as a unit. When any subject of 
which we speak has length, breadth, or thickness, it is easy 
to comprehend in what sense it can be said to consist of so 
many, say twenty, units of its particular kind; it is actually 
made up of twenty parts, each of which is equal in size to 
the assumed unit : thus, a line twenty inches long can be cut 
into twenty pieces, each of which is coincident in length with 
that which we call an inch. A carpet containing twenty square 
feet can be divided into twenty parts, each coinciding exactly 
with the area of a square foot, and so on. Similarly, when 
we speak of a force P, we mean that it is the same thing as 
a force made up of P forces acting together, each of which 
is equal to that force which we take as the measure or unit 
of force, whatever it may be; i,e. it is a force which when 
applied to a particle would produce the same statical effect as, 
or, in other words, would be equal to, the P equal forces applied 
together upon the particle and acting in the same direction. 

It is only necessary therefore to define what is meant by 
the statical equality of forces. 

7. Dbp. When two forces applied to the same particle, 
acting in the same straight line but in opposite directions, 
keep the particle at rest, they are said to be equal. 

In the example given above both the magnet and the thread 
exert a force upon the steel point, their directions lie in the 
same straight line, but their tendencies to produce motion are 
exactly opposite : as the particle remains at rest, the forces are 
by definition equaL 

b2 
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Again, if two men pulling with their greatest strength, one 
at each end of the same cord, do not move each other, the 
forces which they respectively exert on the ' cord are equal. 
If now these two pull together at the same end of the cord 
and a third man pulling alone at the other end can just balance 
them, the force of this last is statically equal to the united force 
of the first two, and therefore double of either of them. 

In this way all forces, whatever may be the nature of the 
cause which originates them, become capable of measurement 
and can be expressed in numbers which indicate what multiples 
they are of the unit of force. It is perfectly arbitrary with us 
what particular force we take as the unit wherewith to measure 
all others ; we consult convenience only in choosing it. It is 
sufficiently clear, that although by altering the unit we should 
alter the numbers expressing any given forces, still the ratios 
between those numbers would remain unchanged. 

8. The three things to be considered with reference to a 
force, and which have just been mentioned as sufficient and 
necessary to distinguish forces amongst themselves, are exactly 
those which serve to define any particular straight line, i.e. 
point of beginning, direction, and magnitude; hence straight 
lines may be employed very advantageously for the purpose 
of representing forces, and Geometry may be made auxiliary 
to the solving of Statical problems. 

Whenever, therefore, in Statics a given straight line is said 
to represent a force, it must be understood that the first point 
of the line is the point of application of the force, the direction 
of the line is the direction of the force, and that the force 
contains as many units of force as the lines does of length. 

9. It may be as well here to mention some of the various 
causes which produce force. Those with which we are princi- 
pally concerned are : — 

a. Grramtj/y or the attraction of the earth for all particles 
of matter. The force exerted by it is generally of different 
magnitude for different bodies, varying in some degree with 
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their size and texture ; but it is found to be constantly of the 
same magnitude for the same body at the same place on the 
earth's surface ; it is termed its weight. Its direction is always 
perpendicular to the surface of still water, and is usually desig- 
nated as the vertical line. A body when free and left to the 
action of gravity alone, will fall to the surface of the earth : 
a force sufficient to sustain it, e. e. to keep it at rest in opposi- 
tion to the force of gravity, will, by the definition ahready 
given, be equal to its weight. 

/3. Attractions of any other kind existing between particles 
of matter. 

Ex. Electrical and magnetic attractions and repulsions. 

y. Tensions of strings and of fine rods. 

A body may be moved along a direction or held in a certain 
position by means of a rod or string, one of whose extremities 
is attached to it, and the other communicates with some cause 
of force, such as the hand of a person : in such a case force 
is said to be transmitted by the rod or string from the hand to 
the body ; it is called the tension of the rod or string, and its 
point of application to the body is the extremity of the rod or 
string. 

The tension at any point of a rod or string is, more properly 
speaking, the force exerted by the particle at that point upon 
the particle next succeeding, by means of which the force is 
transmitted from one extremity to the other, as before men- 
tioned : it may therefore be conceived to vary from point to 
point ; it will always do so when other forces act upon the 
string than those applied at its extremities. Thus, if a barge 
be towed along by the aid of a heavy rope, the force applied 
to the barge by one end of the rope is not necessarily the same 
as that applied by the horse at the other, and both will difier 
from the tensions at dififerent points of the rope. The reason 
of this is, that each particle of the rope is acted upon by the 
force of gravity as well as by the tension of the preceding and 
succeeding particles. 
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A string is defined to be flexible when the direction of the 
tension at every point of it is always tke same as that of the 
string at that point. 

If the string be also without weight, the tension at etery 
point of it will be the same. 

An imperfectly flexible string only differs from a perfectly 
flexible one, in that it requires time in order to assume its 
position of equilibrium, when forces are applied to it. When 
this position is once attained, the tension at eyery point of the 
string is, as before, in the direction of the string. As therefore 
in all Statical questions the position of equilibrium is supposed 
to be attained, strings are for us always flexible, and whether 
they lie in a straight line or in a curve, the tension at all points 
of them is along the string. 

Hence, on the contrary, rods may exert a force transversal 
to their length, for if they were incapable of doing so they 
would fall under our definition of flexible strings. Generally 
the force exerted or transmitted by a rod must be a subject for 
determination, both as regards its magnitude and direction in 
any given case : but if the rod be without weight and its 
extremities capable of turning about free hinges y the direction 
of its tension must be along its length. This tension may 
be either a pulling or a pushing force, while the tension of 
a string must be always a pulling force. 

S. Pressure of one surface upon another in contact with it. 

This force is generally a isubject for determination in every 
problem. It acts equally, but in opposite directions, upon 
both bodies at the point of contact, tending to push each away 
from the other body. The surfaces of the bodies are defined 
to be perfectly smooth when the line of action of this force 
always coincides with their common normal: if it does not 
necessarily do so, they are termed rough. 

10. The unit which it is found most convenient to employ 
for measuring forces is what is commonly called a pound 
weight ; i, e, it is a force equal, according to the above defini- 
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tion of equality, to just so much of the force of gravity as is 
called into action by matter whose weight is one pound : thus, 
when we speak of a force of P pounds, we mean a force equal 
to P such units; or, in other words, a force which will keep 
in equilibrium P forces acting together, each equal to the 
force of gravity exerted upon matter whose weight is known 
as one pound. 

11. In Statics bodies are only looked upon as furnishing 
points whereon forces may act: their weight is the apparent 
result of an external force, that of gravity, acting upon each 
of their constituent points. It will be seen hereafter that its 
effect in producing or disturbing equilibrium can be easily 
found in any given case. The rigidity or non-rigidity of the 
bodies is capable of being expressed by means of geometrical 
relations between the points upon which the forces act, or by 
other forces implied to these points of sudi a nature as to 
insure the geometrical relations required. 

It is the great object of Statics to discover what must be the 
relations between a given set of forces as regards their magni- 
tude and direction, and the system of points upon which they 
act, in order that these points may be kept at rest; or, in 
other words, in order that equilibrium may be produced in the 
system. 

To this end it is necessary to investigate under what cir- 
cumstances and in what manner it is possible to replace a given 
set of forces by another of a simpler or more convenient kind, 
without affecting the state of equilibrium of the system. 
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SECTION 11. 

FORCES ACTING AT THB SAME POINT IN ONE PLANE. 

12. When a material particle is subjected to the simultaneous 
action of several forces, say of Pj, P^...P^^ such as do not 
keep each other in equilibrium, it will begin to move in 
some definite direction in a definite manner; it is clear that 
this particular motion might in every case be produced by 
some one force alone: in Statics the movement does not take 
place, it is counteracted by some other force or forces; biit 
the tendency to it exists and is the sole effect of these com- 
bined forces P,, P^,.,P^. It is also clear that the same tendency 
would be produced by the before-mentioned single force : such 
a single force is called the resultant of the forces Pj, P^...P^^ 
and these last are called the components of the restdtant, or 
more often the resolved parts of the resultant in their par- 
ticular directions. 

From this definition it is evident that the single force which 
acting upon the particle would keep the forces Pj, P^.,.P^ in 
equilibrium, must be equal to their resultant in magnitude, but 
opposite to it in direction. This consideration often affords 
an easy practical method of finding the resultant of a given 
set of forces. 

It must be remembered that the resultant of any given 
forces never has any real existence, but is simply that force 
which might be substituted for the given set, without altering 
the effect produced by them towards preserving the equilibrium 
of the system. 

In the more extended case when the forces do not all act 
at the same point of the body or in the same plane, the term 
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resultant is used in the same sense as that explained above, but 
it does not follow as a matter of course that a single resultant 
shall exist; two forces are sometimes necessary in order to 
produce the effect of the set in maintaining equilibrium. 

IS. The first great purpose of Statics is to obtain rules for 
finding the resultant force or forces in any proposed case. 

If the components all act in the same straight line and in 
the same direction, it is clear from the definition of the measure 
of forces^ that they form a single force equal to the sum of 
them. And if some of them act in the other direction, the 
whole set is equivalent to the sum of the former diminished 
by the sum of the latter; or if those which act in the first 
direction be considered positive, and those in the last negative^ 
the single resultant force is equal to the algebraical sum of the 
components. 

Suppose the forces P and Q to act at a point A in the same 
straight line KH, and 

First, let them both act in the same direction towards H^ 
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the total or resultant force upon ^ is P + Q towards JS: take 
AB equal to P units of length, and BC equal to Q units, then 
AC contains P + Q units; and AB, BC, AC, of which the 
last is equal to the sum of the two first, correctly represent the 
forces P and Q, and their resultant P and Q. 

Next suppose the second force Q to act towards K, this will 
evidently keep in equilibrium a portion of the force P equal 



c 



to Q, and these two will neutralize each other, thus leaving 
a force P - Q as the resultant force acting in the direction 
of H: take AB as before, equal to P units of length, and cut 
off from it a length BC equal to Q units; then -4 C will contain 
P - Q units, and will correctly represent the resultant of the 
forces P and Q acting upon A in the directions JS and K 
respectively. 
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If we make the convention that lines representing forces 
shall be positive when measured in one direction and negative 
when measured in the opposite, both the above results can be 
put under oae form: thus, let p and q represent the actual 
numerical lengths of AB and BC; then in the first case 
BCm y, in the second J5C- - j, and therefore 

^C-i, + y in first case 1 ^^ + ^^ in both, 
^ p - qva second case J 

that is, the line representing the resultant of the forces is equal 
to the sum of the lines representing the forces themselves. 

If in the second case q were greater than p^ we should have 
AC^ "(q "P) a negative quantity; it ought therefore by our 



A 



convention to be measured in the opposite direction to AB : 
now by reference to the figure, we observe that since BC is 
numerically greater than AB, C must lie between A and JST, 
and therefore AC is measured in a direction opposite to AB. 
It is also clear that the resultant of the forces in this case is 
a force Q - P in the direction of JT. Hence our convention 
always leads to consistent results. It is the rule which is 
generally adopted in expressing forces by geometrical quantities. 
Of course it is perfectly arbitrary which direction of any two be 
taken as positive, and can only be made a matter of convenience 
in the individual cases. 

14. When the forces acting upon a point are not aU in the 
same straight line, their resultant can be found by the aid of 
the proposition of the Parallelogram of Forces, which asserts 
that— 

If two forces acting upon a particle be represented both in 
magnitude and direction by two straight lines drawn from that 
point, then their residtant toiU be represented in magnitude and 
direction by the diagonal, passing through that point, of the 
parallelogram described upon those lines. 
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Ex. Let AB, AC represent both in magnitude and direc- 
tion two forces acting upon the 
point A ; complete the parallelo- 
gram ABDCy and draw the 
diagonal AD; then AD repre- 
sents both in magnitude and 
direction the resultant of the ^^ 
forces represented by AB and 
AC. 

« 

15. The proof of this proposition^ which is given below, 
is based upon the three following assumptions: 

Firaty the Physical Principle of the Transmission of Force, 
which declares that the effect of a force upon a rigid body 
remains unaltered at whateyer point in its direction we conceive 
it to be applied, always supposing this point to be rigidly con- 
nected with the body. 

Second, the converse of this ; i.e. that no force can be applied 
with indifference as to its effect in producing or destroying 
equilibrium at two points of a body, unless these points be in 
the line of its direction. 

Third, that the direction of the resultant of two equal 
forces applied to the same point bisects the angle between the 
directions of these forces. 

The first of these may be termed a Law of Mechanics de- 
duced from actual experiments ; its truth may be readily seen 
in some simple cases : thus, if it be required to sustain a body 
by the aid of a string, it is indifferent at what point of the 
body the string be fixed, as long as this point be in the straight 
line in which the string lies : again, the same force is required 
either to push or to pull a beam in the direction of its length 
along the surface of water in which it floats. 

It is clear that the knowledge of some such law as this is 
necessary to enable us to pass from the consideration of forces 
acting upon a point to that of forces acting upon a rigid body ; 
for in the latter case, the particular particle of the body to 
which the force may be applied cannot obey the influence of the 
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force in exactly the same manner as if it were free ; its condition 
must be modified by its rigid connexion with the remaining 
particles of the body : but our ignorance of the nature of the 
molecular action of the particles upon one another obliges us to 
have recourse to experiment in order to discover the extent 
and character of this modification. 

16. The first step in the proof of the proposition of the 
Parallelogram of Forces^ is to shew that the diagonal of the 
parallelogram is the direction of the resultant. 

It is manifest that if the forces are equals their resultant 
must bisect the angle between their directions, and is therefore 
in this case in the direction of the diagonal of the parallelogram 
formed upon the lines representing the two equal forces. 

Let us now assume that this first part of our proposition 
is true for a certain pair of forces P and Q, and also for the 
pair of forces P and 22 ; we will shew that it must then be true 
for the pair P, and Q ■¥ JR. 

Suppose ^ to be the point at which this pair is applied, 
P acting in the direction AB and Q + i2 in that of JD, 

Take AB, AC, CD proportional to P, Q, and B re- 
spectively ; then if we consider C to be rigidly connected with 




Ay since it is a point in the direction o{ Q-\- R, we may remove 
the point of application of R from ^ to it ; that is, the forces 
P along AB and Q+ R along AD, all applied at A, are 
statically equivalent to the forces P along AB, Q along AD 
both acting at A, and jB along CD acting at (7. 

Complete the parallelograms ABEC, CEFD. By our sup- 
position, the resultant of the pair of forces P and Q acting 
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at Ay will lie in the direction AE^ because it is the diagonal 
of the parallelogram described upon AB and AC which re- 
spectively represent these forces. Let this resultant be substi- 
tuted for the forces, and then let its point of application be 
removed from A to E. 

Again, at E^ let us replace this resultant by its resolved 
parts, P and Q acting parallel to their original directions ; that 
is, P in the direction of CE produced, and Q in the direction 
of EF\ moreover, let the point of application of this P be 
removed to C, and that of Q to jP, both being points in their 
respective directions. It is evident that, in accordance with our 
assumptions, our transformed system of forces, ue. P and 22 




acting at C along CD and CE respectively, and Q at F in 
direction of EF produced, is equivalent in statical effect to the 
original system. 

But the result of P and JB at (7 lies in direction of CF^ the 
diagonal of the parallelogram described upon the lines CJ?, CD 
which represent P and JB respectively; let this resultant be 
substituted for them, and let also its point of application be 
removed from C to F, 

At F let this resultant of P and R be replaced by its re- 
solved parts P and R parallel to CD and CE respectively. 

We have thus the two original forces P, acting along 
AB and Q-\- R along ADy both applied at Ay replaced by an 
equivalent pair, P acting along DF produced, and Q + i2 along 
EF produced both applied at F. The resultant of these last 
is evidently the same in magnitude and direction as that of the 
first pair; and hence we come to the conclusion that it is 
indifferent as to statical effect, whether the resultant of the 
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given forces P and Q -f ii acts at A or at F; A and F are 
therefore two points in its direction; and we have therefore 
proyed that if the proposition of the parallelogram of forces 
be true for two forces P and Qy and also for two forces P 
and Ry it must necessarily be true for P and Q + i2. 

But the proposition has been seen to be true for any pair 
of equal forces as p and p : and also for a second pair p and p, 
and therefore by the preceding for p and 2p : again, since it 
is true for p and p^ and also p and 2py it is therefore true for 
p and ^pi similarly it may be shewn by successive deduction 
to be true for p and mp where m is any whole number. 

Since it is true for mp and p, and also for mp and py it lis 
therefore true for mp and 2/>; and by proceeding as before, 
it may be shewn to be true for mp and np when m and n are 
any whole numbers; ue. since p is indeterminate, it is true for 
any commensurable forces whatever. 

17. To extend the proposition to incommensurable forces, 
let ABy A C represent two such forces ^ 
acting simultaneously at A. Complete 
the parallelogram ABDC. 

If AD be not the direction of the 
resultant of the forces represented by 
ACy ABy let some other line za AE 
be it, cutting CD in E. Suppose A C 
to be divided into a number of equal 
parts each less than EDy and suppose distances of the same 
magnitude to be marked off along CD; then one of these 
divisions must necessarily fall between E and Dy let it be JP; 
complete the parallelogram ACFO. Then if we conceived two 
commensurable forces to act at Ay which should be represented 
by the lines ACy AGy the direction of their resultant would 
be AFy and it would lie farther away from AC than AEy the 
direction of the resultant of the forces represented by ^ C and 
ABy does, although ^Cr is less than AB 'y which is evidently 
absurd. Hence AE is not the direction of the resultant of the 
given forces. In like manner it can be shewn that no other 
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line except AD is in that direction, and therefore the pro- 
position is true for incommensurable as well as for commensurable 
forces. 

The second step in our proof is to shew that the proposition 
is true as regards the magnitude of the resultant. 

As before, let AB^ AC represent the two forces P and Q 
acting at the point A \ and let AE represent a third force Ry 
which also acting at A will keep P and Q in equilibrium ; then, 
by Art. (12), R must be equal and opposite to the resultant 
of P and Q. f'or the same reason P must be equal and 
opposite to the resultant of Q and R\ therefore, completing 
the parallelograms BACDy CAEF^ we must have DA in 
the same straight line with AEy and BA with AFi hence 




AFCD is a parallelogram, and AD equals FC^ also FC is by 
construction equal to AE; therefore AD = AEy in other words 
ADy the diagonal of the parallelogram described upon ACy AB 
which represent the forces P and Q, represents a force which 
is equal in magnitude to the resultant of P and Q. Q. e. d. 

18. From the proposition of the Parallelogram of Forces 
follows immediately the proposition of the Triangle of Forces : 

That if three forces acting together upon a point be in equi^ 
libriumy they are respectively proportional to the three sides taken 
in order of the triangle formed by drawing lines parallel to their 
directions* And conversely y that if three forces acting at a point 
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be proportional to and in the direction of the respective sides of 
a triangle taken in order y they must be in equilibrium. 

This is in fact only another method of wording the parellelo- 
gram of forces. For that asserts that three forces acting upon 
a pointy keeping each other in equilibrium, are proportional to 
the two sides and diagonal of a parallelogram whose directions 
are parallel to those of the forces, and conversely. But the 
sides and diagonal form a triangle, as may be seen by reference 
to triangle A CD of the last figure ; and it is therefore the same 
thing whether we say of three straight lines that they are the 
sides and diagonal of a parallelogram, or that they will form 
a triangle. The parallelogram and the triangle of forces are 
therefore identical propositions. 

19. Since in any triangle the sides are proportional to the 
sines of the opposite angles, our proposition shews us, that of 
three forces keeping any point in equilibrium, each is propor- 
tional to the sine of the angle contained between the directions 
of the other two. 

Thus, in the annexed figure, which represents three forces 
P, Q, and It keeping the point A in equilibrium, if ABC be 




a triangle having its sides parallel to the forces, we have by 
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triangle of forces, 

P:Q:R::AB: BC : AC, 

:: sin ^ CB : sin BAC : sin ABC, 
: : sin QA C : sin BA C : sin PBC, 
:: sin QAB : sin BAP : sin PAQ, 

20. In a similar manner, if any number of forces acting 
upon a point are parallel and proportional to the sides taken 
in ordrn* of a polygon, they rnust keep each other in equilibrium* 

Let AB^B^B^B^ be the polygon to whose sides the forces 
P^P^.,P^ acting at A, are respectively parallel and proportional. 
Join AB^, then the triangle AB^B^ has its sides AB^, B^B^ 
respectively parallel and proportional to the forces P^P^ > there- 
fore the third side AB^ is in the direction of, and proportional 
to, their resultant. Similarly AB^ is in the direction of, and 
proportional to, the resultant of the forces represented by AB^ 
and B^B^i but B^B^ is parallel 
and proportional to P,, and AB^ 
is parallel and proportional to re- 
sultant of Pj and Pj, therefore 
AB^ is parallel and proportional 
to the resultant of P,, P^, and P,. 
By proceeding in the same way 
it could be shewn that AB^ is 
parallel and proportional to the resultant of P^ P,, P,, and P^, 
but the same line is by hypothesis parallel and proportional to 
the last force P^ in a direction opposite to AB^. Therefore the 
resultant of the four first forces is equal and opposite to the 
fifth and last force, hence the five forces P^P^..,P^ keep each 
other in equilibrium. 

In the same way, this proposition, which is called the polygon 
of forces, could be shewn to be true of any number of forces 
acting at a point. It is evidently not necessary that the forces 
should lie in one plane. 

The converse of the polygon of forces cannot, as the triangle 
offerees, be affirmed ; for parallel- sided polygons have not neces- 
sarily their sides in the same proportion, whereas triangles have. 

c 
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SI. The Parallelogram of Forces enables us to substitute 
for a given force acting upon a particle its two resolved parts 
in two given directions. 

The same may be done with each of any number of given 
forces acting in the same plane upon a point. Hence any such 
system of forces may be resolved into known components acting 
in two given directions. 

22. A further application of the parallelogram of forces 
leads us to the conclusion, that if the given forces be in equi- 
librium, then must their components in any two given directions 
separately vanish. 

From this proposition is deduced the analytical method of 
forming the '' Equations of Equilibrium" of a material particle 
under the action of given forces. 



Examples to Section 11. 

(1)« A knot in a cord is rendered immoveable by a tack 
driven through it, the two extremities of the cord are then 
pulled with forces P and Q respectively, in such a manner 
as to include an angle a between their directions; required 
the magnitude and direction of the resultant force upon the 
tack. 

Let A be the tack, AP, AQ the directions in which the 
two strings are pulled by the forces P and Q respectively; 




then PAQ « a. In AP, AQ take AB, AC respectively pro- 
portional to P and Q; complete the parallelogram, and draw 
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the diameter AD, Then since the strings exert forces P and Q 
respectively upon the tack (Art. 9, 7), and ABy AC have been 
taken proportional and parallel to them, therefore AD is by 
the parallelogram of forces proportional and parallel to their 
resultant; let the resultant equal J3, and let BAD equal 0. 
Hence 

R AD sina by t,ia„gie ^£D (,), 



P AB sin(a-0) 
R AD sin a 



(2). 



Q BD sin B 

These two equations will serve to determine jB and B, which 
are required by the question. 
Thus from (1) and (2) 

Psin0 = Qsin(a- B), 

= Q (sin a C09 B - cos a sin B) ; 

therefore sin (P + cos a) == Q sin a C9S B, 

sin B _ cos fl I 

^^ Qsina " P + Qcosa " v/jQ* sin'a + (P + Q cosa/} ' 

by a known form, 

'^ V(P''VCtT2PQ COS a) ^^^ 

Substituting from (8) in (2), we get 

B = V(P' + Q' + 2PQ cosa) (4), 

(3) and (4) give JB and B explicitly^ 

R might have been determined directly ; for from the triangle 

ABDy 

AD" = -45* + BD" - 2AB.BD cos ABD, 

Alf , BD^ ^ BD ,j,j. 

or — =« 1 + : - 2 cos ABD, 

^ AS" AP* AB ' 

;p-l + p + 2 ^cosa, 

R^P'^Ct^ 2PQ cosa (5). 

c2 
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(2). A Btring passes round a smooth tack, and to its ex- 
tremities are applied forces each equal to P; required the 
direction and magnitude of the resultant force upon the tack. 

If the forces at the two extremities were not equals it is 
sufficiently evident that the string would slip round the tack 
in the direction of the larger force. 

Also each string pulls upon the tack in its own direction 
with a force equal to P. 

Hence this case is merely a modification of the last^ in which 
the forces P and Q are equal. 

(3). A weight W is attached by a string to a ring which is 
supported by two strings making angles a and /3 respectively 
with the vertical ; required the tensions of the strings. 

Let A be the ring, T, T the respective tensions of the 
strings, AT^ AT their directions. 

Then the point A is kept in equilibrium 
by the force W acting vertically downwards, 
and the forces T and T acting along A T 
and A T' respectively. 

In AT take any point J5, and draw BC 
parallel U) AW meeting T'A produced in 
C; then the sides of the triangle ABC are 
parallel to and therefore proportional to the 
three forces which keep A in equilibrium ; 
hence we have 

T AB sinjS 




TV BC sin(a + /3) 
T AC 



sin a 



(1), 



.(2); 



W BC 8inCa + i3) 

these equations determine T and T, 

If the problem had been so enunciated that the tensions of 
the strings were known, the angles a and /3 would have been 
given by equations (1) and (2). 
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(4). At what angle must two equal forces act that their 
resultant may be equal in magnitude to either of them se- 
parately ? 

Determine the angle also when the resultant is - part of 
either. 

In this question, R must first be found in terms of the 
forces and the angle included between them^ as in example (2) ; 
if the resulting value be put equal to either force, an equation 
will be obtained for finding the angle. 

(5). Three forces 2F, 3-F, iF act upon a point and keep 
it at rest; find their directions. 

Assume the inclinations of the two last forces to the di- 
rection of the first to be a and jS, as in example (3). 

(6). A particle placed upon a smooth table is acted on by 
two forces SP and 4P in directions perpendicular to one 
another. Find the magnitude and direction of a third force 
just sufiicient to prevent the particle from moving. 

It is a force exactly equal and opposite to that represented 
by the diagonal of the parallelogram described upon the lines 
representing SP and 4P. 

(7). Two forces act upon a point in directions perpendicular 
to each other, they are in the ratio of 3 to 4, and their resultant 
is equal 60 lbs. Determine the forces. 

(8). P and Q are two forces which act at a point and make 
a constant angle a with each other; shew that if Q increases 
from whilst P and a remain the same, the resultant will 
constantly increase if a be acute, but ^ 
will first diminish to a certain value 
and then increase if a be obtuse. 

Let A be the point, and let AB 
represent P, and let AK be the 
direction of Q. Take AC to repre- 
sent any value of Q, and complete 
the parallelogram ABDC, drawing' 




28 



STATICS. 



the diagonal AD; then AD represents the resultant of P and 
this value of Q. When Q increases to any other value repre- 
sented by AC, let AD be the resultant. 

First, let BAK be acute, then ABD is obtuse, and much 
more is the interior angle ADD obtuse ; hence in the triangle 
ADDf, AD is greater than AD because it is opposite the 
greater angle ; therefore as ^C increases, AD also increases. 

Next let BAK\i^ obtuse; draw AO^ perpendicular to BD^ 
then as long as BD and BD are 
less than BO, it is evident that 
ADD is acute, while ADD is 
obtuse; hence AD v^ greater than 
AVy and therefore as ^C increases 
up to the value BO, AD diminishes 
to the value AO. 

But when Q has increased so that 
BD and BD' are greater than BO, ^ 
then ADD becomes obtuse and ADD acute, as in the first 
case, and hence AD is greater than AD; or Sis AC increases 
beyond the value BO, AD also continually increases beyond 
the value AO, 

(9). The resultant of two forces P, Q acting at an angle 0, 
is equal to (2m + 1) VCP* + Q'); when they act at an angle — 




it is equal to (2m - 1) V(P' + Q*): shew that d = tan"' 



m- 1 

m + 1 



(10). Shew that three forces, measured respectively by 6, 6, 
and 12 pounds, cannot be made to act upon a particle so as to 
produce equilibrium. 

(11). Two given forces act upon a point, determine their 
directions when their resultant is, !■' the greatest possible, 
2°^ the least possible. Also find when its value is a mean 
proportional between its greatest and least values. 

(12). Given the difference between the resultant and either 
of two equal forces, its components, acting at right angles to 
each other ; determine the forces by a geometrical construction. 



♦ The figure is badly drawn, AO should be at right angles to BD, 
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This is simply to find the side of a square^ having given the 
difference between the side and the diagonal. 

(13). Two forces F and F act along the diagonals of a 
parallelogram and at the point of intersection of the diagonals, 
another force W acts in a direction perpendicular to one side : 
if a and a be the angles between the diagonals and that side, 
shew that there will be equilibrium if 

J^ sec a = jP sec a' = H^ cosec(a + o'). 

(14). Three forces P, Q, R act in equilibrium at the angles 
of a triangle ABC, and their directions meet in the circum- 
ference of the circumscribed circle ; shew that 

P\Qi R:iBC:CA:AB. 

The forces must be considered to act at the point where 
their directions meet ; the physical principle of the transmission 
of force (Art. 15) allows of this: the above proportion can then 
be easily deduced from the triangle of forces described at that 
point. 

(15). A point in the vertex of a right-angled triangle is 
solicited by a number of forces represented in magnitude and 
direction by lines drawn to equidistant points in the base. 
Required the magnitude and direction of the resultant. 

If the diagonal be drawn to the parallelogram described 
upon the two sides of the triangle which include the right 
angle, it will be found to coincide with the diagonal of the 
parallelogram described upon each pair of lines taken in order, 
one from each side, beginning with the extreme lines ; if there- 
fore there be n pairs of lines altogether, the resultant force 
of the system will be n times the force represented by this 
diagonal. 

(16). A and B are two points in the same horizontal line ; 
a string has one extremity fastened at Ay passes through a 
smooth ring C which carries a weight W^ runs over a smooth 
peg at By and finally supports a weight P at its farther ex- 
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tremity; required the conditions of equilibrium. Since the ring 
C and the peg B are both smooth^ 
the tension of the string must be 
the same throughout, call it T\ the 
point C is kept in equilibrium by 
the weight TF^ acting vertically down- 
wards and the two equal tensions T\ 
hence it is manifest that the direc- 
tion CW must bisect the angle 
ACBy or that the angles CABy 
CBA are each equal : let be this 
angle. In CA take any point E^ draw ED parallel to CB 
meeting CW produced in Z), then the triangle CED has its 
sides parallel to, and therefore proportional to, the forces that 
keep Cin equilibrium; therefore 




T_^EC COS0 
TT "■ ^DC " sin 2^ 



0); 



also since P is supported by the tension of the string 



T'.P 



(2), 



(1) and (2) serve to determine T and 0. It appears that 
equilibrium is impossible if W be greater than 2P. 

(17). Suppose the ring C to he fixed to the string so that 
^ C is of known length ; the other circumstances remaining the 
same as before, required the position of equilibrium. 

In this case it is clear that the tensions of the strings will 
not necessarily be the same, they must be assumed to be 
T and T ; also BAC and ABC will not necessarily be equal, 
ABC may be called 0'; then in addition to equations similar 
to (1) and (2) of preceding question, we shall have a trigono- 
metrical relation between and 0' from the triangle ABC; 
from these three we shall easily obtain 0. 

(18). In the annexed figure AEBFC represents a string 
fastened at A and C, and passing over a pulley at B, W is 
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a weight hanging by a smooth ring at E, and W^ is' attached 




to a point F of the string. 

This must be treated as two problems^ the one for the 
equilibrium of Wy which is the same as (16), and the other 
for the equilibrium of TV', which is the same as (17). It must 
be remembered that since B is smooth, the tension of BF is 
the same as that of BE and EA, 

(19). Two heavy particles connected by a string of given 
length rest upon a smooth vertical circle. Find their position 
of equilibrium. 

Let A and B be the two particles whose weights are W 
and W respectively, and let a be the 
known angle subtended by the string 
AB at the centre C of the circle, B 
the angle made by the radius AC 
with the vertical. 

Since the circle is smooth, the ten- 
sion of the string will be the same 
throughout, call it T; and let R and R 
be the normal reactions of the circle 
upon the particles A and B respectively 
(see Art. 9, y). 

The particle A is kept in equi- 
librium by its own weight W acting 
vertically downwards, the normal re- 
sistance R of the circle and the tension T acting tangentially. 




26 STATICS. 

From A draw AK at right angles to AC, meeting the 
vertical through C in K; then the sides of the triangle CAK 
are parallel^ to and therefore proportional to, the forces which 
keep A in equUibrium ; therefore 

^-^^sinfl (1), 

R AC ^ ,^. 

— o B COS d ( 2) : 

W KC ^ ^ 

similarly we get from the equilibrium of B 

^=8in(a-e) (3), 

^=C08(a-e) (4). 

These four equations serve to determine the four unknown 
quantities 22, R'y T, 0. 
From (1) and (3) 

TTsinCa-e)- JFsine, 

or TV (sin a cos d - cosa sin 0) = PFsin fl; 

cos sin 9 1 

•'• TF+ JT'cosa" W sina" V{ PT" sin'a +(Pr+ W^'cosa/} 

1 

" VCTT' + TP» + 2 WW cosa) • 

(20). From this deduce the case in which one of the 
weights, as W, hangs completely over the cylinder. 

(21). A parabola stands with its axis vertical, and vertex 
downwards : on its outside surface rest two heavy particles 
connected by a string which passes over a smooth peg in the 
focus. Shew that if the particles are in equilibrium in any 
position, they are so in alL 

(22). A string without weight has one extremity fixed to 
a point Cy the other is attached to a ring capable of sliding 
along a smooth fixed rod, which also passes through C, Shew 
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that^ if the rod be inclined to the horizon at an angle j3, and 
a ring be hung upon the string carrpng a weight, both parts 
into which the string is divided by this ring will be inclined to 
the vertical at an angle /3. 

Find the pressure of the ring upon the rod, and explain its 
physical meaning when /3 exceeds 46^ 

The annexed figure represents the system. COB is the 
string, at one extremity of which is the ring By capable of 




sliding along the rod CK. is the ring which slides along 
the string and carries the weight W. 

is kept in equilibrium by the weight JV acting vertically 
downwards and the tension of the string in the directions OB 
and 00: these tensions must be the same, because the same 
string COB passes through the smooth ring 0; call them T; 
then the vertical line or direction of TF bisects the angle COB; 
let it meet the rod in H and the horizontal line through C 
in 2>. 

Because the rod CK is smooth, the force it exerts upon the 
ring B must be at right angles to its length (Art. 9, S); but this 
force counteracts the tension of OB, therefore the direction of 
OB is perpendicular to CK. It follows that CDH and HOB 
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are similar triangles, and therefore the angle 

BOH = angle nCH^p, 

= also COD. 

In OC take OM to represent the tension of the string ; 
draw MN parallel to OB meeting OD in JV; then the triangle 
MON has its sides respectively parallel to, and therefore pro- 
portional to, the forces that keep each other at equilibrium at O. 

T OM sin /3 



Hence 



W ON sin 2/3' 
1 



2 cos j3 * 
This force Tis equal to the pressure on the rod. 

(23). A string has one extremity fastened to a fixed point -4, 
passes over the end of a smooth rod BC^ and supports a weight 




./ 






/ 



W*y this rod has no weight, and is capable of moving freely 
about the extremity JB, which is also in the same vertical line 
with A. Find the position of equilibrium. 

Let i?C= a, BA = J, ABC^ 0, ACB » 0. 

Since the end of the rod is smooth, the tension of the 
string will be the same throughout, and manifestly equal to W, 
Hence the point C is kept in equilibrium by the two equal 
forces JVy and the tension, T suppose, of the rod in the direction 



■p 
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of its length, (Art. 9, y) therefore this direction must bisect 

the angle ACW; or 

ACB^ABC, 



Also 



therefore 



» 0. . • . 

a sin (0 + 0) 
6 sin 

a 

cos = —7 



.(1). 
(2); 



= 

= TT 

These three solutions give the three positions of equilibrium. 
The first is impossible when a is > 2b. 

(24). Two equal circular discs with smooth edges placed on 
their flat sides in the corner between two smooth vertical planes 
inclined at a given angle touch each other in the line bisecting 
the angle. Find the radius of the least disc, which may be 
pressed between them without causing them to separate. 

Let 2a be the angle between the vertical planes, CC the 




"fir> 



centres of the two given discs, NN' the points where they 
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touch the vertical planes, M where they touch each other. 
Also let B be the centre of the required disc touching the 
former in m and m'. Since the discs C and C are similarly 
situated^ we need only consider the equilibrium of one of them 
as (7. 

The forces acting upon this are the reaction i2 of the plane at JV, 
\ • •• 12' of disc C. • . . M^ 

..ft *•• • P ^....ITI. 

These all act at (7, and, as they are all indeterminate, will always 
be so exerted as to preserve equilibrium as long as one of them 
passes through the angle between the other two, t.«. as long 
as BC lies within CB, and CB!. But as the radius of B is 
diminished, CB approaches (7JB, and if the radius be made 
small enough, will come outside (7i2, when the disc C would 
be immediately pushed out, for the three forces P, R and B! 
would then have a resultant tending from the angle A. 

Hence the least radius that B can have consistent with 
equilibrium is when CB coincides with CJR, or when 

CM 

• = cos a. 

CB 

Let r be radius of given discs, x that of B, then this con- 
dition becomes 

r 

= cos a, 

r + a? 

therefore a; = ri-i2if (,), 

COS a 

which gives the required magnitude of the radius. 



( 31 ) 



SECTION III. 

FORCES ACTING AT DIFFERENT POINTS RIGIDLY CONNECTED TOGETHER. 

28. If two parallel forces P and Q act at two points A and 

B rigidly connected, their restdtant is a force parallel to either 

of them ; and when P and Q act in the same direction, as in 

fig. 1 , it also acts in the same direction and equah P + Q ; 




fiff- 1- fig. s. 

O B 



>+Q 




y(p-< 




/ 

i 

I 



when P and Q act in opposite directions, as in Jig. 2, it acts in 
the direction of the greater, as P, and equals P -Q: in both 
cases its line of action cuts the line joining AB in a point C 
such that ACxBCwPx Q. 

If the convention with regard to the signs of forces explained 
in Art. (13) be extended to the case of parallel forces^ the re- 
sultant will always be the algebraical sum of the component 
forces. 



24. To prove this proposition. 

At A and B respectively apply the two forces S, both acting 
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in the line AB, but in opposite directions ; it is manifest that 



4P+a 




the statical effect of the whole system is not altered^ for these 
forces counteract each other. 

Let the pairs of forces Q and S acting at A, and P and S 
at B, be replaced by their respective resultants. In the first 
figure, when P and Q act in the same direction, it is im- 
mediately manifest that the direction of these resultants meet 
in some point. In the second figure, where P and Q act in 
opposite directions, if we suppose P greater than Q, the 
direction of the resultant of P and 8 will clearly lie nearer 
to that of P than the direction of the resultant of Q and S does 
to that of Q; and therefore as P and Q are parallel, in this 
case also the directions of the resultants must meet. Let, then, 
D be the point at which they meet, and let their points of 
application be transferred to D : also let them be here replaced 
by their original resolved parts. We shall thus have acting 
at D, the pair of forces <S in a line parallel to AB, but in 
opposite directions, and the forces P, Q in a. line DC parallel 
to the original directions. The pair of forces S may, since 
they counteract each other, be removed; and the remaining 
forces P and Q, acting in the same direction in the ^rsC case, 
will form a resultant P-t- Q; in the second, when their direc- 
tions are opposite, they will produce a force P - Q. 

The point C may thus be found. Since the triangle BDC 
has its sides parallel to the directions of the three forces P, S, 
and the resultant of these two forces which acting together 
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upon a pointy would keep it at rest, we have by the triangle 
of forces, 

BC.DC:\S:P. 

For a similar reason we have from the triangle ADCy 

DC:AC::Q:S. 
Therefore compounding these two proportions, we get 

BC:AC::Q:P, 

which shews, that the distances of the point C from A and B 
respectively are inversely proportional to the forces acting at 
those points. 

This fundamental property of parallel forces is more com- 
monly expressed under the following analytical form, 

P.BC^(lAa 

Def. The moment of a force about a given point is the 
product of the force into the length of the perpendicular 
drawn from the given point upon its direction. 

S4. Let be any point in the plane of the forces, and let a 




line from perpendicular to the directions of P, Q, and their 
resultant, cut them in the points -4', -ff, and C\ respectively. 
Draw OK parallel to these directions meeting AB or AB pro- 
duced in K. 

Take the case of P and Q acting in the same direction; and 
first suppose K to fall upon BA produced : then the result of 
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the last article may be written 

P {KB - KC) = Q{KC - EA\ 
or (P ^Q)KC^ P.KB + Q.JrJ. 

Also^ from the similar figures^ we have 

qc^OB OA 

KC" KB^ KA' 

and therefore^ by substitution, 

(P + Q) OC - P.O^* + Q.OA. 

This asserts that the moment of the resultant of P and Q 
about is equal to the sum of the moments of P and Q about 
the same point. 

Next, suppose K to fall between A and C\ then our form 




gives us 

P{KB - KC) = Q(iirC7+ KA\ 

therefore (P + Q) Jff C = P.^JB - Cl,KA ; 

which becomes, by substitution, 

(P + Q) OC = P.OB - Q.O^'. 

That is to say, the moment of the resultant of P and Q about 
is in this case equal to the difference of the moments of P and Q 
about the same point. 

If now, in considering the moment of a force about a given 
point, we agree to call it positive or negative according as, when 
we look along the perpendicular towards the force, the direction 
of the force is towards our right hand or towards our left, (or 






— 26.] 



FORCES ACTING AT DIFFERENT POINTS. 



35 



vice versd), we see that in both the above cases the moment of 
the resultant about is equal to the algebraical sum of the 
components about the same point. 

The same thing might easily be shewn to be true, when P 
and Q act in opposite directions ; and hence we can make this 
simple enunciation for all cases : 

TVhen two parallel forces act upon a bodyy the moment of 
their resultant about any point in their plane is equal to the sum 
of the moments of the forces themselves about the same point. 

25. The preceding results may be shewn to be true in an 
extended form for any system of parallel forces whatever, whose 
points of application are rigidly connected together : i. e. 

The resultant of any such system of forces is equal to the 
algebraical sum of the forces ; is parallel to them ; and its 
moment about any point is equal to the algebraical sum of the 
moments of the several forces about the same point. 

26. If two forces, not parallel, act upon a body in one plane, 
the moment of their resultant about any point in that plane is 
equal to the algebraical sum of the moments of the respective 
forces about that point. 

Let the two forces be P and Q, and let their directions meet 




in A. We may suppose them to be applied there. Take AB, 
AC to represent them, and complete the parallelogram ABCD 

d2 
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upon their directions; then AB, AC^ AD, are proportional to 
P, Q, and their resultant -B, respectively. 

Let be any point in the plane of P, Q, and Ji, and AD' 
a line perpendicular to OA: draw OF, OO, O-ET perpendicular 
to AB, AC, and AD, respectively; also BB, CC, DD' per- 
pendicular to OD', and CE parallel to AD'. 

The triangles AFO, AGO, A HO, are evidently similar to 
the triangles ABB, A CC, and ADD', respectively ; therefore 

AB OF 



or 



Similarly 



AB 


OA' 


AB^ 


OF.AB 
OA 


AC^ 


OG.AC 


OA 


4TV - 


OH.AD 



OA 



Now, from equal triangles, 

AB ^EC'' CD, 
therefore AB + AC ^ AD. 

Therefore, by substitution, 

OF.AB + OG.AC" OH.AD, 
or OF.P + OG.Q = OH.R. 

"We have here supposed to be without the angle BAC: 




in the annexed figure it falls within ; we then have 
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AC - AB ^ AD\ 

therefore OO.Q - OF.P = OH.R. 

But in this case, the moment of P about is by our rule 
negative ; therefore, generally, our proposition holds. 

27. It will also be true of iZ, and any other force whose 
direction it meets ; and, even by the last proposition, of R and 
any force which is parallel to it. We may thus, by taking each 
force in succession, prove it to hold for any system of forces 
whatever in one plane ; that is, for any stick system of forces 
whatever the moment of the resultant about any point in the 
plane is equal to the sum of the moments of the respective 
forces about the same point. « 

We may look upon this as a general law which holds for 
the combination of forces, and which is dependent for its proof 
upon the truth of the proposition of the parallelogram of forces. 

28. The assertion of the last Article affords a great step 
towards the solution of many problems ; for j&rom them it follows 
that in a system of forces of which either all are parallel of 
those which are not parallel are in the same plane with the 
resultant of those which are so, the sum of the moments of the 
forces about any point in the line of action of their resultant 
must equal zero. 

29. Also, more generally, if any such system of forces be in 
equilibrium, the sum of their moments about any point what- 
ever must vanish. 

For let P,, Pjj. • . .P„_i, P„ be these forces, R the resultant 
of PiPg. . . •P„-i' suppose PiPz* . . .Pn and r to be the perpen- 
diculars from a given point upon the forces and R respectively ; 
then, by (25) and (27), 

Now by Art. (12) P^ must equal - R and be in the same 
line with it ; therefore r « p^, and Rr = - P^p^y therefore equa- 
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tion (1) becomes 

PiPx + P2P2 + .... + P^P^ = 0, 
which proves the proposition. 

30. If one point of a body be fixed, the reactions at this 
point must be equal and opposite to the resultant of all the 
other forces acting upon the body, when there is equilibrium ; 
therefore this resultant must pass through the fixed point: 
hence, by (28), the sum of the moments of the forces about this 
point must equal zero. 

81. If two points of a body, or any points in the same 
straight line, be fixed, the reactions at those points must, when 
there is equilibrium, counteract all the other forces acting upon 
the body; it is clear also that they are of such a nature as to 
counteract all tendency to motion excepting to that about the 
fixed line as axis. Now all the forces, whatever they be, that 
are applied to the body, may, as far as their tendency to pro- 
duce motion about such an axis is concerned, be supposed to 
be applied at points in one plane perpendicular to the axis, 
similarly situated, as to this axis, with their actual points of 
application. 

This plane has one point, the point where the fixed axis 
meets it, fixed: hence, by the last article, the resultant of the 
applied forces must pass through it, and therefore the sum of 
their moments about it must vanish. 

32. When a body rests with one or more points in contact 
with a smooth plane, the reactions at those points upon the 
body are perpendicular to the plane, and their direction is away 
from it (Art. 9, 8) : therefore the residtant of the other forces 
acting upon the body, since it must be equal and opposite to 
the resultant of these reactions, must satisfy two conditions : 

First, its direction must be towards the plane and perpen- 
dicular to it. 

Secondly, its point of application must be the same as that 
of the resultant of the reactions : therefore 
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(a) When the body touches in one point only, it must pass 
through that point. 

(/3) When the body touches in two or more points lying 
in the same straight line, the reactions at these points are all 
parallel and in the same direction ; therefore the point of appli- 
cation of their resultant lies somewhere between the extreme 
points of contact, but its position is indeterminate because the 
reactions themselves may be any whatever. Hence in this 
case it is sufficient that the resultant of the applied forces pass 
through some point in the line joining the extreme points 0/ section, 
and between them. 

As long as the resultant satisfies these two conditions, its 
magnitude may be any whatever. 

It may be as well to repeat here that all the forces treated 
of in this section are in one plane, or are capable of being 
replaced by forces in one plane. 



Examples to Section III, 

(1). Two persons, A and J8, carry a weight of 100 lbs. on 
a pole between them. The weight being placed two feet from 
A, and three feet from B, find what portion of it they re- 
spectively support. 

Let C be the point of the rod at which the weight TF is 
hung, and let 72, R be the forces which A and B respectively 



H 



^' 



B 



exert at the ends of the pole in a vertical direction : by sup- 
position, these with W acting downwards at C preserve equi- 
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librium in the system ; therefore W is equal and opposite to 
the resultant of It and JR! ; or 

TT-ij + ir, 

and B'^AC^^* (Art. 23). 

Hence we obtain jR = | H^« 60 lbs., 

2r«iTr= 40 lbs. 

(2). A triangle ABC has its point C fixed, and is kept in 
equilibrium by two forces P and Q acting at A and B re- 
spectively^ their directions bisecting the angles A and B ; shew 
that if 22 be the pressure at C, 

^ ^ « A B C 

P : Q : -B :: cos -— : cos — : cos — . 

2 2 2 

Let the directions of P and Q meet in 0; their resultant 
must be equal and opposite to the pressure at the fixed point 




C, because the triangle is in equilibrium ; therefore CO is the 
direction of jB, and it bisects the angle C by trigonometry. 
Because the forces P, Q, B are in equilibrium at 0, therefore 

P:Q: B:: sinCOB : sin COA : ain AOB ; 



but COB 



(C B\ 



IT - A IT A 

= TT = — + — : 

2 2 2 
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therefore 



similarly 



sin COB = cos — : 

2 



sin CO A = cos — , 

2 ' 

sin^O^a cos — ; 

2 

therefore, by substitution^ we get 

P xQ: R w cos — : cos — : cos — . 

2 2 2 

(3). AB is a rigid rod without weight, capable of moving 
freely about a hinge at ^ ; it is kept in a horizontal position by 



.^ 




another rigid rod DC also without weight and having free 
hinges at C and 2). At the extremity B of the rod AB a 
weight W is hun^; supposing A and D to be in the same 
vertical line, find the action of the hinge A* 

The rod AB is kept in equilibrium by the following forces. 

The weight H^ acting vertically downwards at B. 

The tension i? of the rod DC acting at C in the direction 
of its length (Art. 9, y) and the action P of the hinge at A. 

The direction of 22 and W will meet in a point 0, P must 
also pass through this point, therefore ^0 is its direction. 

Let OAB «= 0, AB = a, AC^ J, AD = c, then 

OB , 

tan^, 



AB 



OB AD 
BC^ AC 



(1); 



42 



STATICS. 



therefore 



BO AC 
AB" AD 



tan^j 



or 



tan A sa — 
o 



c a -b 



a 



(2> 



Again, the sides of the triangle AOD are parallel and there- 
fore proportional to three forces, which acting at the point O 
are in equilibrium ; therefore 

P _A0 
W AD' 

■JiAff + Off) 



A 



AD ' 

4 

Aff + 5C ^j 
AD 



from (1), 



^{«'.(a-jy^} 



or 



P^W 



be 



(4). li DC were rigidly connected with AB at (7, its 
tension would no longer be in the direction of its length. If 
besides it were merely in contact with a wall at 2>, instead 
of being fastened to it by a hinge, the reaction there would 
be perpendicular to the wall. 

The accompanying figure represents the directions of the 




forces in this case, which may be as easily solved as the above. 
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(5). If a weight be suspended from one extremity of a rod 
moveable about the other extremity Ay which remains fixed^ 
and a string of given length be attached to any point B in the 
rod, and also to a fixed point C above A in the same vertical 
line with it, then the tension of the string varies inversely as 
the distance AB. 

Let E be the end of the rod from which the weight W is 




hung, and let T be the tension of the string CB. 

The system is in equilibrium under the action of the forces 

TP acting vertically downwards at J5, 

T acting at B in direction BC, 

and the reaction of hinge at A which may be termed R. 

Since this last must be equal and opposite to the resultant 
of T and W acting at D where they meet^ AD must be its 
direction. 

Hence the triangle ADC has its sides parallel and therefore 
proportional to the three forces, which acting at D keep the 
whole system ia equilibrium, therefore 

T'. W :: CD : AC ; 

also from similar triangles CBA, EBD, 

CD.AE:: CB : AB, 

CD 



therefore 



T'.W 



AC 

W AKCB 
AC AB 
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AC AB' 



1 



X 



AB' 



because W, AE, BC, and ^Care all constant. 

(6). CDE is a conical shelly having its axis vertical ; AB is 
a rigid rod without weight lying over the edge C, and having 




its extremity A in contact with the smooth side DE of the 
shell, to the extremity B a weight TV is hung ; required the 
position of equilibrium of the rod AB. 

Let the vertical angle of the conical shell be 2a, the length 
of AB equal a, and that of CD equal b; also let the angle 
A CD be represented by ^; when the value of is known, the 
position required is known. 

The beam AB is in equilibrium under the action of the 
vertical force W acting at B, the reaction P of the edge of 
the shell acting perpendicular to the beam at C, and the 
reaction of the side ED of the shell acting perpendicular to 
that side at A. 

Now the directions of any two of these, as of W and R, 
must meet in some point 0, therefore the third force P which is 
equal and opposite to the resultant of these two must have its 
direction also passing through O, i,e, the line joining C and 
must be perpendicular to AB. This consideration enables us 
to solve the problem. 
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From this 



AC 
AO 



cos CAO; 



also 

therefore multiplying, 

AC 



AO sin ABO ^ 
AB^ sin AOB' 



^ jy^ Bin ABO 

-j-=j = cosCAO -, — -r , 

AB sin AOB 



= sm 



(2« + ^k) ?i5l?±±) (I): 



COS a 



also 



AC 



sin 2a 



(2), 



CD sin (2a -f 0) 

therefore dividing (1) by (2), 

CD sin' (2a + 0) sin(a + ^) ^ 
AB sin 2a cos a 

or b sin 2a cos a - a sin' (2a + 0) sin (a + 0), 

a cubic equation which will determine 0. 

P and It may be found by the aid of a triangle described 
upon the three lines OR, OP, W. 

(7). A rod without weight AB is capable of turning freely 
about one extremity A; to the other B is attached a string 
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which passes over a pully C, and is then attached to a weight 
TV; also at a point O in the rod is fixed a striilg carrying a^ 
weight W ; the points A and C are in the same horizontal 
line, required the position in which the rod would rest. 

Let BAC= e, AC= J, AB = a, AG = c. 

It is clear that the rod is in equilibrium under the action 
of the following forces : 

W the tension of string acting at B in direction BC, 

W acting vertically downwards at 6r, 

and the reaction of the hinge R, suppose at A. 

Now the directions of W and W* will manifestly meet in 
some point 0, therefore JR which must counteract their resultant 
must also act through 0, that is, its direction must be OA; 
therefore the sines of the angles AOC, AOW must be pro- 
portional to W and W respectively: as these angles are 
necessarily known when B is known, this proportion would give 
a relation between and constants which would be sufficient 
to find ; but the geometrical difficulties of finding this relation 
are so great, that it is better to take a different course for 
solving the problem. 

Since the resultant of W and W must when the rod is 

in equilibrium pass through Ay the sums of their moments 

taken about A must vanish (Art. 28), and therefore producing 

IV'G to meet ACm N, and drawing AL perpendicular to BC, 

AN, W -AL,JV=^0 (1). 

Now AN= AG cos 0, 

= C cos 0, 

and AL.BC = ^^.^Gsin 0, 

^, - ^ r «i sin 9 
thereiore AL = : 

V(a^ + h' - 2ah cos 0) ' 
therefore substituting in (1), 

Wc COS0-W ,r.—t'^ \-n=0. 

\/(a' + i' - 2ab cos 0) 
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An equation from which may be found, it is evidently a cubic 
equation in cos 0. 

(8). A triangle -d(J5 (7 without weight is placed with its base 
SC upon a smooth plane. 

Two forces P and P' act upon its sides AC and AB re- 




spectively, making angles j3, /3' with them, find the relations 
between P and P' when there is equilibrium. 

Let ABC ^ ay ACB^a, 

then the triangle is at rest, under the action of the two forces 
P, P* and the resistances of the plane at every point of BC 
Now these resistances are all perpendicular to BC^ because the 
plane is smooth (Art. 9, 8); therefore their resultant is perpen- 
dicular to BCy and its point of application is somewhere be- 
tween B, C; therefore the resultant of P and P which must 
counteract it must be perpendicular to BCy and must meet the 
plane between B and C. 

Let P and P meet in 0, and let OR be the direction 
of their resultant meeting BC in N. Then N will always 
necessarily lie between B and CUP and P both act towards 
BC; and OiVwill be perpendicular to BC it 



NOP 



IT 



a-H/3--, 



NOP' = a + P' - 



IT 
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But in this case^ since 

P sin P^OiZ 
P^'sinPO-B ' 

Bin NOP' ^ 
smNOP ' 



(Art. 19), 



. . P co8(a' + 0') 
therefore — « ^ ^ , 

P cos (a + /3) 

which is evidendy the relation required. 
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GRAVITT. 

88, Let PjPj — -P. be any number of parallel forces acting 




at points ^4^-4^. . .,-4^, which are rigidly connected together. 
Join A^A^y and in this line take O^ such that 

A,G,.A,G,iiP,iP, (1), 

then^ by Art. (2 a), the resultant of P, and P, is equal to 
Pj + P,, and passes through G^, in a direction parallel to P, 
or P,. 

Now join O^A^i and take O^ such that 

G,0^ : Afi^ :P,:P,^P, (2), 

then the resultant of Pj, P, and P, equals P^^ P^^ p^ is 
parallel to them and passes through G^: it is manifest from 
the form (2) that the position of G^ is independent of the 
directions of the parallel forces. 

By proceeding in a similar manner it might be shewn that 
the resultant of all the forces P^, P,, . . .P^ is equal to the sum 
of them, is parallel to them, and always passes through a point 
whose position with reference to A^A^. •••^« is independent 
of the directions of the forces. 

Now the weight of a body is the force which is brought 
into action by the attraction of the earth upon each of its 

£ 
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particles : but this attraction produces a system of vertical^ and 
consequently^ parallel forces^ whose points of application are the 
several particles of the body ; therefore the weight of a body 
is equivalent to the resultant of this system ; i.e. it is a force 
equal to the sum of these forces^ is parallel to them^ and passes 
through a point in the body whose position in the body is 
invariable, whatever be the direction of the separate forces with 
reference to any fixed line in the body; or in other words, 
whatever be the position of the body. This point is called the 
Centre of Oramty of the body. 

34. It is evident from this definition that there is but one 
such point for any given body. 

35. If the centre of gravity of two portions which constitute 
the whole of a body be known, the position of the centre of 
gravity of the body itself can be easily found. 

Thus, suppose the body to be made up of any two parts, as 




ABCy ABD : let G^ be the centre of gravity of the first, 
TFj its weight; and O^ the centre of gravity, and TF, the 
weight, of the second. 

Then the action of gravity upon ABC is equivalent to the 
application of a vertical force W^ to the point Gj : similarly, 
the action of gravity upon ABD is equivalent to a force W^ 
acting vertically at O^. 
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Join G^G^, and in this line take G such that 

G^G: G^G:: W^: TT^; 

then, by the principles of parallel forces, W^ at G^ and W^ at G^ 
may be replaced by a force TF, + TF", at G; i.e. the action of 
gravity upon the whole body is equivalent to that of a force 
equal to W^+ W^ dX G\ therefore G is by definition the 
centre of gravity of the whole body. 

It is evident that if any two of the points G,, G^ be given, 
the other may be obtained. 

36. And generally, if a body can be divided into any 
number of parts, whose centres of gravity are known, the 
action of gravity upon the whole body is equivalent to the 
application of the weights of the several parts at their respective 
centres of gravity ; and hence the centre of gravity of the 
whole can be easily found by the aid of the propositions that 
have been given with regard to systems of parallel forces. 

If the centres of gravity of the different parts, into which we 
have supposed a solid divided, all lie in one straight line, it 
will follow from Art. (23) that the centre of gravity of the 
whole body will also lie in that line : this is a fact of consider- 
able practical importance, as will be observed in some of the 
examples appended to this section. 

37. If a body or system of heavy particles be in equilibrium 
under the action of gravity and the resistances of surfaces or 
fixed points only, it is clear that the resultant of these resist- 
ances must be vertical and must pass through the centre of 
gravity of the body or system : if these two conditions be satis- 
fied, the magnitude of this resultant need not be cared for ; 
it is the nature of forces of resistance to be exerted to a 
sufficient intensity for producing equilibrium, and not to a 
greater. This consideration affords an easy means of solution 
to many of the simpler cases of equilibrium. 

Thus, if a body be standing upon a smooth horizontal plane 
having one or more points in the same straight line, in contact 

e2 
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[Alt. 37. 



with the plane, the resiBtanceB at these points are vertical, and 
all act in the same direction ; hence their resultant will be 
vertical, and vill pass through some point of this line which 
lies between the two extreme points of contact, but which is 
d priori indeterminate, because the resistances at the several 
points are so : if however the direction of the weight of the 
body, i.e. the vertical line through the centre of gravity of the 
body, meet this line, just so much &rce will be called forth at 
each point of contact as will moke the resnltant of their reactions 
coincide with this vertical line, and equilibrium will subsist. 

But if the direction of the weight of the body pass outside 
this line, then it cannot be counteracted by the resultant of the 
resistances which, as was above mentioned, most meet the line, 
and therefore the body will falL 




Figs, (t) and (2) represent cases where the direction of the 
weight of the body &lls within and without respectively the 
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line in which the points of contact lie ; equilibrium will subsist 
in the first but not in the second case. 

If the equilibrium be produced by the body's being sus- 
pended ficom one point only, or by its touching a surface in one 



point only, the preceding reasoning shews that this point of 
suspension oi contact, as A, must be in the same Tettical line 
with the centre of gravity of the body G. 

This suggests a method for practically finding the centre of 
gravity of a body in many cases. Let the body be suspended 
successiTely by two separate points in its surface, and when in 
each case the body has found its position of equilibrium, let the 
vertical in it which passes through the point of suspension be 
observed ; the point in which the two vertical lines intersect is 
the centre of gravity required, 

38. Dbf. a body is said to rest in Steele EquU^mum when 
upon being disturbed in a very slight degree from its position 
of equilibrium, it will, upon the disturbing cause being with- 
drawn, return to its first position. 
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If^ however^ it should under such circumstances move farther 
from its first position^ it is said to have been in Unstable Equi- 
librium, 

If, again, it remains in the position where the disturbance 
has placed it, it is said to have been originally in a position of 
Neutral Equilibrium. 

The following are examples of these three conditions : 
Any weight suspended by a string from a fixed point is in 
stable equilibrium, for if slightly pulled out of its position, it 
will, directly it is let go, fall back to its first position. Also 
a marble resting at the bottom of a smooth cup, if moved in the 
slightest degree from its place, will roll back to it again when 
left free, and was therefore originally in a position of stable 
equilibrium. 

A pencil balanced on the end of the finger is in unstable 
equilibrium, for if it be in the least degree disturbed, it will 
fall away from the finger. 

A penny standing upon its edge upon the table, when rolled 
through a small space, will still remain at rest if left iree ; it 
was therefore at first in neutral equilibrium. 



Examples to Section IV. 

(1) To find the centre of gravity of a uniform straight line. 
The line may be conceived to be made up of pairs of equal 

heavy particles, each particle of any pair being equidistant from 
the middle point of the line ; therefore the resultant of gravity 
upon any one pair will pass through this middle point ; as this 
is true of each pair, the resultant of gravity upon all the par- 
ticles will of course be the sum of these resultants, and will act 
at the same place ; therefore the middle point is the centre of 
gravity of the whole line. 

(2) To find the centre of gravity of a triangular plate. 
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Let ABC be the triangle; bisect any side BC in X), and 
join AD. 




The triangle, supposed very thin, may be conceived to be 
made up of a series of heavy straight lines parallel to BC; each 
one of them is bisected by AD; its centre of gravity is con- 
sequently there. Hence the effect of gravity upon the triangle 
is the same as would be produced by applying the weight of 
each of the lines parallel to BC at the point where it meets the 
line AD ; but the resultant of such a set of forces would neces- 
sarily pass through some point of AD ; therefore the centre of 
gravity of the triangle must be somewhere in AD. 

Again, draw BE bisecting AC in E ; then, by the same 
reasoning as that given above, we should find that the centre 
of gravity of the triangle must be somewhere in BE; but it has 
been seen that it is also in AD, therefore it must be the point O 
where these two lines meet. 

Draw the line DE; it will be parallel to BA (Euc. vi. 2), 
and therefore the triangles A OB, EOD are similar; hence 

AG: GDi.ABiED 

:: 2 : 1, 

or AG^2GD, 

and therefore GD = ^AD. 

We thus get an easy rule for finding the centre of gravity of 
any triangle. Join one of its angles with the point of bisection 
of the opposite side ; the point in this line, whose distance from 
the bisection of the side is J of the whole line, is the centre of 
gravity required. 
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(3). If three equal heavy particles be rigidly connected 
together so as to form a triangle, their centre of gravity coin- 
cides with the centre of gravity of a triangular lamina equal in 
area to the triangle which they form. 

Let Af B, C, in the annexed figure, be the particles ; bisect 
AC in <?„ join BG,, and take Q.Q - ^G,B. O, is evidently 




the centre of gravity of the particles A and C, and their 

resultant wiU equal twice the weight of either of them. Also 

because 

0,0 : OB:: I: 2, 

O is the centre of gravity of weight of B at -B, and twice as 
great a weight at Cr, ; it is therefore the centre of gravity of the 
three equal particles. 

But the construction for finding the position of O has been 
the same as that for finding the centre of gravity of a triangular 
lamina whose area is ABC. Therefore these two points are 
coincident. 

(4). The centre of gravity of a parallelogram is at the point 
of intersection of its diagonals. 

For let ABCD be any parallelogram; draw the diagonals 
AC^ BD intersecting in O, they mutually bisect each other; 




therefore the centre of gravity H of the triangle DAB is in 
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the line AO si a, distance » ^OA from O; and the centre of 
gravity JET' of the triangle DCB is at the same distance '^ ^OC 
from O: also the triangles are both equals and consequently 
their weights are so, therefore the resultant of the two weights 
is half-way between EC and H* ; or in other words, the centre 
of gravity of the whole parallelogram is at O. 

(5). The centre of gravity of a circular area is at its centre. 
"Let AB be a diameter of a circle, CD a chord perpendicular 
to it; the circular area may be conceived to be made up of 




B 

heavy lines, all parallel to CD; each of these will be evidently 
bisected by AB, and will therefore have its centre of gravity 
in AB; hence by Art. (36) the centre of gravity of the whole 
circle must be in AB> 

Similarly it might be shewn that it must be in any other 
given diameter; it is therefore at the point where all the 
diameters intersect, i.e. at the centre of the circle. 

(6). Also the centre of gravity of a circular uniform ring 
is at its centre. For the ring may be conceived to be composed 
of pairs of equal heavy points, each pair being the extremities 
of a diameter : now the centre of gravity of every such pair 
is at the bisection of the diameter, i.e. at the centre of the ring ; 
hence the centre of gravity of the aggregate of these pairs, 
or of the complete ring, must also be there. 

(7). To find the centre of gravity of a pyramid of uniform 
density, having a triangular base. 

Let ABCD be any such pyramid. Bisect the edge BD 
in E; join AE, CE; in CE take EF equal I EC, and in AE 
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take EH equal \ EA ; F and H are evidently the centres of 




gravity of the triangular faces BDCy ABD respectively; 
join AF^ CH; these lines are both in the plane of AEC, and 
will therefore meet in some point O. The centre of gravity 
of the pyramid is at O. 

For we may consider the pyramid to be made up of heavy 
lamina parallel to thc^ face BDC; let hdc be one of theses 
because the plane ABD meets the parallel planes BDCy bdc 
in the lines BD, bd, these lines are parallel; similarly DC, dc 
are parallel^ and also CB, cb. Let the plane AEC meet the 
plane bdc in the line ec ; this must> for the reason just given, 
be parallel to EC; let also AF meet ec in f. 

Because bd is parallel to BDy therefore 

be :BE:: Ae : AE, 

:: ed: ED; 

now BE = ED, therefore be = ed. 

Similarly, since the lines ec, EC are parallel, we should get 

ef:fc::EF:FCy 

:: 1 : 2; 

therefore ce is drawn from the angle c to the bisection of the 
opposite side bd of the triangle bdc, and / is a point in ce, such 
that ef^\ec;fi& therefore the centre of gravity of the triangle 
bdc. 
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It might be shewn in the same manner that the centre of 
gravity of every lamina parallel to BDC is in the line AF; 
therefore the centre of gravity of the pyramid itself must be 
in it. (Art. 36.) 

Similarly the centre of gravity of the pyramid must be 
in the line Cff, because it could be shewn that the centre 
of gravity of every lamina parallel to ABD is in CH, 

Hence Gy thd' point where these two lines meet^ must be 
the centre of gravity. 

Join FH: since this line cuts AE and CE in the same 
proportion, it must be parallel to ACy therefore the triangles 
AGCy HOF are similar, and 

AG I GFy.ACiHF, 

:: CEiEF, 

:: 3 : 1; 
therefore GF^\AF. 

Hence, to find the centre of gravity of a triangular pyramid, 
we must draw a line from one of its solid angles to the centre 
of gravity of its opposite side, and take a point in this line 
at a distance from the base of | the whole line; this point 
will be the centre of gravity required. 

(8). Let OABCDEF be a pyramid whose base is the polygon 




B C 

ABCDEF. Let G, the centre of gravity of the base be found ; 
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this can be done by considering it to be formed of as many 
triangles as it has sides. Join OO^. In OO^ take O such 
that O^O ^ lOfi, and through O draw a plkne ahcdef parallel 
to ABCDEF; this plane manifestly cuts all lines drawn from 
O to the base in the same proportion that it does OO^; the 
centre of gravity of the triangular pyramid ABG^O will there- 
fore be in it, for the line from to the centre of gravity of its 
base ABO^ will be divided by the plane into two parts which 
are to each other as is 1 to 3 : similarly the centres of gravity 
of each of the other triangular pyramids BCO^O, CDOfi^ &c. 
will all be in the plane abcdefi therefore the centre of gravity 
of the aggregate of these pyramids will also be in that plane. 

But the aggregate of these pyramids is the whole pyramid 
ABCDEF; hence the centre of gravity of the whole pjrramid 
must be in this plane. 

Again, this pyramid may be supposed to consist of a series 
of lamina parallel and similar to ABCDEF^ and it may be 
shewn that the centre of gravity of each of them is in the line 
OGj ; hence the centre of gravity of the pyramid itself must 
also be in that line, but it has been proved that it lies in the 
plane ahcdef ^ it is therefore at the point Q when this plane 
meets OG^. 

Hence, generally, to find the centre of gravity of any 
pyramid upon a polygonal base, we must draw a line from its 
vertex to the centre of gravity of its base, and take point in 
this line at a distance from the base of } the whole line ; this 
point will be the centre of gravity required. 

(9). This rule evidently holds quite independently of the 
number of sides of the polygon which forms the base, it is 
therefore true when the number becomes indefinitely great, 
i.e. when the base becomes any closed curve, as a circle, 
ellipse, &c. 

Therefore the centre of gravity of any uniform cone, right 
or oblique, and upon any base, is found by joining the vertex 
with the centre of gravity of the base, and then taking a point in 
this line at a distance from the base equal to \ of the whole line. 
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(10). The centre of gravity of the surface of a right cone 
is in the axis of the cone at a distance from the base of J of 
the whole axis. 

For the sur&ce may be supposed to be made up of an 
infinite number of very small equal isosceles triangles having 
their vertices in the vertex of the cone^ and their bases in the 
circumference of the base of the cone ; each of them will have 
its centre of gravity at a point in its lengthy whose distance 
from the bottom of the triangle equals I of its whole lengthy or 
J of the side of the cone. Now the aggregate of these centres 
of gravity will evidently form a ring in the surface of the cone 
at a dist^mce of J of the side from the base ; we may therefore 
replace the surface of the cone, as far as the effect of gravity 
upon it is concerned, by this ring; but the centre of gravity 
of this ring is at its centre, that is, at the point where its plane 
cuts the axis of the cone, which is clearly at the distance from 
the base of ^ of the whole axis. 

Therefore 'the centre of gravity of the surface of a right 
cone is in the axis at a distance from the base equal to \ of the 
whole axis. 

(11). The centre of gravity of a uniform sphere is at its 
centre. For the sphere may be supposed to be made up of 
a series of parallel circular plates perpendicular to a given 
diameter. As the plates are uniform, each will have its centre 
of gravity in this diameter because its centre is there ; there- 
fore the sphere itself^ which is made up of these, will also have 
its centre of gravity in this diameter. But the same may be 
said of any other diameter ; therefore the actual position of the 
centre of gravity is at the point where the diameters all meet, 
that is, at the centre. 

(12). The centre of gravity of the surface of a sphere or of 
a uniform spherical shell is at its centre. 

For the surface may be supposed to be made up of a series 
of circular rings, whose planes are parallel to each other anjl 
perpendicular to a given diameter ; the centre of each of 
these rings, which is also its centre of gravity because the rings 
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are all uniform^ is therefore in this diameter; hence, by the 
same reasoning as in the last case, the point where the di- 
ameters intersect, that is the centre of the spherical shell, 
is its centre of gravity. 

(13). Triangles are described in a given circle upon a given 
chord as base; their centres of gravity all lie upon the cir- 
cumference of a similar arc of a circle. 

If from the middle point of the chord a line be drawn 
to the vertex of any one of the triangles, a point one-third 
the way up this line is the centre of gravity of the triangle. 
If from this point lines be drawn parallel to the sides of the 
triangle, it can be easily seen that they will always cut the 
chord in the same two points ; and thus a triangle will have been 
formed which will always have the same vertical angle and the 
same base; its vertex will therefore trace out a circle, q. e, d. 

(14). Two isosceles triangles, ABC, ABC\ are described 
upon the same base AB and on the same side of it ; find the 
centre of gravity of the area ACBC between the triangles. 

Draw the line CC'O which bisects the base AB in 0. 

Let Gj, Gtj, G, be the centres of gravity of the triangles 
ABC, ABC, and the area ACBC respectively; if then FT, 




be the weight of triangle ABC, W^ that of ABC, since ABC 
is made up of the two parts ABC and ACBC, therefore W^ 
acting at O^ is equivalent to W^ acting at G^, together with 
W^ - W^ (the weight of ACBC) acting at G. 
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Hence we have by Art. (24), 

OO,. W^ + 0(?.( W^ - W^) = OG,. W^ : 

but if OC = A., OC = A„ then OG, = ^ A„ 06?, = J A„ 
therefore J A,. TT, + C? ( TT, - TT.) = J A,. TF; ; 

therefore OG = \ '^^_i^' • 

Now the weights of the triangles are proportional to their 

ai'eas; therefore 

TV, : W^ :: \ : A„ 

therefore OG « J(A, + A,). 

(15). A circular hole of given size is cut in a square board 
as near as possible to one corner; find the centre of gravity 
of the board afterwards. 

The required centre of gravity necessarily lies in the line 
produced^ which joins the centre of the hole cut out, and the 
middle point of the square ; its position must be found by the 
consideration that the weight of the board which is left after 
the circle has been cut out applied at it, together with the 
weight of the circle applied at its centre, is equivalent to the 
weight of the whole board applied at its centre. Of course the 
weights of the different parts are proportional to their areas. 

(16). A triangle is cut off from a paraUelogram by a right 
line which bisects two adjacent sides ; find the centre of gravity 
of the remainder. 

It is clear that the base of this triangle is bisected by that 
one of the diagonals of the parallelogram which passes through 
its vertex; hence the centre of gravity of the triangle lies in 
this diagonal, as does also that of the whole parallelogram ; and 
therefore the centre of gravity of the part required must be in 
it : its position may be found by the method employed in the 
preceding examples. 

(17). A triangle is bisected by a line parallel to its base, 
find the centre of gravity of its four-sided half. 
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Let be be the line parallel to the base which bisects the 
triangle ABC, Draw ^AdD bisecting be and BC, then the 




B 

centres of gravity of the triangles Abe, ABC^ and therefore 
that of the part BdcC, are in the line AdD; let O^, O, and &, 
be these points respectively. 

Then the weight of the whole triangle ABC at G^ is equi- 
valent to the weight of the triangle Abe at O^^ together with 
the weight of the figure BbcC at O2; but since these two last 
figures are by supposition equal, their weights are equals and 

therefore 

GG, = GG,, 

or AG - AG, « AG^ -AG (1). 

Now AG = iAD, and AG, = I Ad, 

therefore, by substitution in (1), 

^{AD" Ad)^AG,^lAJD, 
or AG,r.l(2AD-Ad) (2); 

also, since the triangle ABC is double of triangle Abe, and they 

are similar, we have 

ABC: Ad":: 2 : 1, 

therefore Ad = — AD; 

therefore, substituting in (2), 



^G,- f 
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From this we should get 

' 3 

a result which might also be obtained directly from (1). 

(18). ABC is a triangle, ajSy are the middle points of the 
sides opposite to Ay By and C respectively; aj3 and ay are 
joined, and the figure A(iay is removed from the triangle: 
determine the centre of gravity of the remainder. 

Join Aa. The portion removed is evidently a parallelogram 
equal to half the triangle ; and since Aa is one of its diagonals 
its centre of gravity is at the middle point of Aa. Also the 
centre of gravity of the whole triangle is in Aa at a distance 
^Aa from a. The centre of gravity of the remaining part must 
therefore be in Aa too; it is moreover at the same distance 
from the centre of gravity of the triangle as the centre of 
gravity of the part removed is; hence it can easily be found 
that its distance from a equals J of Aa. 

(19). Three particles are placed at the angles of a triangle, 
whose weights are proportional to the opposite sides ; shew that 
their centre of gravity coincides with the centre of the inscribed 
circle. 

Let ABC he the triangle, then the weights applied at 




c 

Ay Bf C respectively are proportional to the sides BCy CA, 
and AB. 

Draw the lines Aay JBA, Cc bisecting the angles A, B, 
and C; these meet in some point O, which is the centre of the 
inscribed circle. 
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Because Aa bisects the angle A, it cuts the base BC into 
segments^ such that 

Ba: Car. BA: CA, (Euc. Bk.vi.), 
: : weight at C : weight at B; 

therefore a is the centre of gravity of the two heavy particles 
at B and C, i,e. the three particles at their respective angles 
are equivalent to the particles at B and C placed together at a, 
whilst the other particle remains at A. Hence the centre of 
gravity of all the three particles must be in Aa, In a similar 
manner^ it could be shewn that it is in Bb ; and therefore its 
actual position must be at O. 

(20). If the sides of the triangle ABC be bisected in the 
points DEFy then the centre of the circle described within 
the triangle DBF is the centre of gravity of the perimeter 
of the triangle ABC, considered as three uniform heavy rods. 

For the weight of each side may be supposed to be collected 
at its middle point; it is also proportional to the side^ and 
therefore proportional to the opposite side of the similar tri- 
angle DBF: hence the problem becomes the same as that 
just solved. 

(21). The sides of a triangle considered as three uniform 
heavy rods are 3^ 4, and 5 feet long ; find the distance of their 
common centre of gravity from each side. 

(22). The centre of gravity of the periphery of a triangle 
cannot coincide with the centre of gravity of the triangle 
unless the triangle be equilateral. 

(23). At the corners of a square are placed weights which 
are proportional to the humbers I, 3, 6, 7; find their centre 

of gravity. 

It will be found convenient to obtain first the centre of 
gravity of the pair 1 and 7, and also of the pair 3 and 5 ; the 
centre of gravity required manifestly bisects the line joining 
these two points. 
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(24). Four rings are placed at equal distances upon a 
straight rod without weight; each successive ring is twice as 
heavy as the preceding one. Determine the position of that 
point in the rod about which the whole system will balance. 

The point required is the centre of gravity of the four 
heavy rings ; for since the resultant of their weights acts there, 
if this point be supported, the whole system will be in equi- 
Ubrium. 

Its position may be easily found by the consideration that 
the sums of the moments of the weights, taken about it must 
vanish. (Art. 28.) 

(25). Given the position of the centre of gravity of an uni- 
form triangular lamina, deduce that of a rod in which the weight 
of any particle is proportional to its distance from one end. 

The triangular lamina will become such a rod, if the lines 
parallel to its base, of which it may be considered to be formed, 
be each condensed into its middle point; but the centre of 
gravity of the triangle lies in the line which bisects all the 
lines parallel to the base, and its position is independent of the 
breadth of the base ; hence it will remain unaltered when the 
triangle is in its condensed state. It is then the centre of 
gravity required of the proposed rod. 

(26). A triangle may be supposed to be made up of rods 
parallel to its base; in a given case these rods are uniform 
throughout their length, but the weight of the same length 
of each varies as its distance from the vertex. Find the centre 
of gravity of the triangle. 

This is merely the case of a pyramid upon a square base, 
condensed into one plane, which passes through the vertex, and 
cuts the base in a line parallel to one of its sides. 

(27). Given the centre of gravity of a circular arc; find 
that of the area of a sector of a circle. 

(28). A triangular plate hangs by three parallel vertical 
threads attached to its corners, and supports a heavy particle 
placed upon it. Prove that if the threads are of equal strength, 

f2 
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a heavier particle may be supported at the point which would 
be the centre of gravity of the plate, were it heavy, than at any 
other point of the plate. 

Suppose the greatest possible heavy particle, which the 
strings will support at the centre of gravity of the plate, to 
be placed there. Since it is in equilibrium, its weight must 
be equal and opposite to the resultant of the tensions of the 
three strings ; but these are vertical, and at the angles of the 
triangle ; hence, since their resultant passes through the centre 
of gravity of the triangle, they must be equal (Ex. 3); there- 
fore each equals I of the weight of the particle. 

If the particle be placed in any other position upon the 
plate, and there remain in equilibrium, the resultant of the ten- 
sions of the strings, t. e. the sum of them, must still be equal and 
opposite to its weight : but in this case the tensions cannot all 
be equal, as their resultant does not pass through the centre of 
gravity of the plate ; therefore one, at any rate, must be greater 
than I of the weight of the particle ; but this is by supposition 
the greatest weight that any one of them can bear ; hence equi- 
librium cannot subsist with the particle in this position, or a 
greater weight can be supported at the centre of gravity of the 
plate than anywhere else. 

(29). A rectangular block of wood, ABCD, is placed with 
its side CED on a horizontal plane, E being some point in CD; 
find the largest portion BCE which can be cut off without the 
remainder ABED falling over. 

The centre of gravity of the whole block is known, and also 
that of the triangle BCE when E is known, hence the centre 
of gravity of the remainder ABED can be found ; call this G, 
BCE is the greatest possible, consistently with the terms of the 
question, when O is vertically above E. (Art. 37.) 

(30). An inclined plane makes an angle of 10° with the 
horizon ; how many sides has the regular polygon which will 
just trundle down the plane ? (The plane of the polygon being 
vertical.) 
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The vertical line through the centre of gravity of the 
polygon must clearly just pass through the lower point of the 
side which is in contact with the plane, but the centre of 
gravity of the polygon is manifestly the centre of the figure ; 
therefore in this polygon the line joining the centre of the 
figure with one of the angles, must make with the adjacent 
side an angle which is the complement of 10^ But this angle 
in a regular polygon must always be the complement of I the 

angle which each side subtends at the centre, i.e. of , 

n 

if n be the number of sides of the polygon. Hence we have 

here 

n 
or the number of sides required is 18. 

(31). Why does a person carrying a heavy weight in his 
hand lean towards the opposite side? (Art. 37.) 

(32). "When a man rises from a chair, why does he bend 
his body forward and his legs back? 

(33). If a sphere were not homogeneous (not made of uni- 
form material) how could it be practically ascertained whether 
or not its centre of gravity were at the centre of the figure ? 
(Art. 37.) 



\ 
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FRICTION. 



89. When two surfaces, not smooth, are in contact, and 
it is attempted to make the one move upon the other, a force 
due to the want of smoothness arises and tends to prevent the 
motion ; this force is Friction. It acts upon each surface in the 
tangent plane common to both surfaces at the point of contact, 
and in a direction exactly opposite to that in which the other 
forces tend to make this point move. 

In general, just so much of this force is called into action 
as will serve to keep the point of contact at rest, but there 
is a certain limiting value in each case, beyond which it is 
found that friction cannot be exerted: this limiting value is 
always proportional to the normal reaction at the point of 
contact, the proportion depending only upon the nature of the 
two surfaces. 

Thus, if P be the normal force at the point of contact of two 
surfaces in a supposed case, F the greatest amount of friction 
that can be exerted at that point with the normal force P, then 
F- fiP where /i is a numerical quantity which is constant, so 
long as the materials of which the two surfaces are formed are 
the same. This quantity fjb is termed the coefficient of friction 
of the particiilar surface to which it refers, and its value can 
only be obtained by experiment. 

If the surfaces be in contact throughout a plane area, the 
relations just mentioned will hold between the limiting amount 
of friction and the normal pressure at each point of it: and 
hence it can be easily seen that the same must be true for the 
resultant of the pressures and the resultant of the limiting 
frictions ; the coefficient of friction thus remaining unchanged 
is independent of the extent of surface in contact. 
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40. Suppose A to be the point of a given surface which is 
in contact with another, and let AB, A C represent the normal 
force P and the friction F respectively acting upon A ; they are 
therefore in the directions of the normal, and tangent to the 
surfaces at A. 

Draw AD the diagonal of the parallelogram described upon 
ABf AC; then AD represents both 
in magnitude and direction the re- 
sultant of P and F. It is clear 
that the larger F is for the 8ame 
value of P, the farther will AD lie 
from the normal AB, and that its 
greatest angular distance from AB 
will correspond to the greatest value of F, i. e. to F^ fxP : let 
A C represent this value of JP, and AU the resultant in this 
case of P and jP; then 




tsoiUAB 



BD AC 
AB AB 



f,P 



= /*; 



therefore 



DAB = tan' /*. 



It is usual to represent this angle by the symbol e. The mag- 
nitude of the resultant evidently equals V(P' + jF"), and may 
therefore be as great as the circumstances of the case require, 
for P can always be exerted to any extent. 



41. It thus appears that when two surfaces are in contact, 
their resultant reaction upon each other may be anything what- 
ever as to magnitude, and also as to direction within a certain 
limiting angle with the normal, which we have called c. This 
is often by far the most convenient light in which to view the 
effect of friction. The best way of finding fi for different 
substances is to observe this angle s ; there are many devices 
for effecting this object. 
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42. Our definition of perfect smoothness ( A rt. 9^ S) is equi- 
valent to /L6 s 0^ and therefore s equal 0. fi put equal to x ^ and 

therefore 6 « — , gives a case where the one surface could not 

possibly slide upon the other; the surfaces are then termed 
perfectly rough. Both these may be looked upon as limiting 
cases of the action of surfaces upon one another^ for they 
neither of them actually occur in nature^ although we often 
find extremely near approximations to them. 

43. When a body is in contact with a plane surface^ the 
contact existing at any number of points in the same straight 
line, and neither surface being supposed to be perfectly smooth^ 
since the reactions at the several points will not be necessarily 
perpendicular to the plane, their resultant will depend for its 
direction as well as its magnitude upon the circumstances of 
the particular case ; it may have any inclination to the normal 
to the plane within a given limit (the e of Art. 40) and be of 
any magnitude, but it must still pass through some point in 
the line in which lie the points of contact, and between the 
extreme points of contact. Hence equilibrium will be always 
preserved if the resultant of the other forces acting upon the 
body, whatever be its magnitude, pass through some point in 
this finite line, and have any direction within the abovenamed 
limiting angle t. 

44. In the supposed case of perfect roughness^ the reaction 
at each point of contact only differs from that which can be 
exerted upon a fixed pointy in that it cannot be towards the 
plane, in other respects it is indeterminate; hence it is only 
necessary for equilibrium, that the resultant of the other forces 
acting upon the body should not act from the plane, and should 
pass through some point in the before-mentioned line. 

A full explanation of friction, with methods for determining 
its amount, and tables giving the values of fi and e for a great 
number of different substances, may be found in the T%trd 
Treatise on Mechanics, published by the Society for the Dif- 
fusion of Useful Knowledge. 
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Examples to Section V. 

(1). A particle of weight W rests upon an inclined plane 
whose coefficient of friction and inclination are given; the 
particle is attached by an extensible string to the top of the 
plane; the tension of the string is always in a constant pro- 
portion to its length: find the greatest distance from the top 
of the plane at which the particle will remain in equilibrium. 

Let AB be the plane inclined at an angle a to the 
horizon^ tan e its coefficient of friction, x the distance of the 




particle from B when the greatest amount of friction is exerted, 
i,e. in the supposed case; F the tension of the string at this 
length, R the reaction of plane, making angle s with the 

normal at C. 

The particle C is kept in equilibrium by the forces F, iJ, 
and W, In CW take any point JT, and draw KM parallel 
to CR and meeting AB in M. 

Then the sides of the triangle CKM are parallel to and 
therefore proportional to the three forces which keep C at rest ; 
we have therefore 

F MC Bin MKC sin(a + €) 



W CK sin KMC 

R^^MK sin MCK 
W CK " sin CMK 

cos a 
cos c ' ' * 



cos e 



(2> 
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Again^ if T be the tension of the string »t a known length a, 
we have 

a 
therefore^ substituting in (1), 

^y^^smCojfO^ 



a 



X ^ a 



cos c 
W 8in(a + €) 



T cos £ ' 
which gives the distance required. 

(2). A heavy particle is attached to tlie edge of a hoop 
without weight, which is then hung over a peg. Given the 
coefficient of friction between the peg and hoop equal tan c ; 
find the position of equilibrium in which the greatest amount 
of friction is called forth. 

Let A be the particle, C the centre of the hoop, P the peg, 
and the angle between CA and CP when there is equilibrium. 




The hoop is kept at rest by the two forces, W the weight of the 
particle, and the reaction R at P, they must therefore be equal 
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and their directions must be in the same straight line, i.e, R 
must be vertical and A immediately below P. 

Also, since the greatest amount of friction is exerted, R is 
inclined at angle § to the normal at P; therefore 

TT - S 



or 



61 = TT - 26. 



Any larger value of 6 will make the angle between the vertical 
and normal at P less than € : hence, by what has been explained 
of friction, every such larger value of 9 will give a position of 
equilibrium. 

(8). Find the direction in which a given force P must act, 
so that the weight which it can just move along a rough hori- 
zontal plane may be the greatest possible. 

Let Q be the required inclination of P to the vertical, TV 
the corresponding weight, R the reaction of the horizontal 




plane upon the body; then, since the body is only just on the 
point of moving, and therefore the greatest possible amount of 
friction is called into action between the body and the plane, 
R is inclined at an angle s «> tan~^/u to the vertical, where fi is 
the coefficient of friction. 

Since these three forces are just in equilibrium, we have 

P sine 
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or 



w 

sin (fl + g) = — sin €. 



As increases with W^ the greatest value of W is evidently 

when -=r- sin 6 = 1, or FF= -; — , and « — c. 
P 8in€ 2 

(4). A heavy rod AB rests across a rough horizontal cylin- 
der whose centre is O. The weight of the rod is TV, and a 




weight W is attached to one of its extremities B : find the 
positions of equilibrium of the rod. 

Let the point of contact be C, and let OC make an angle 6 
with the vertical. 

Then the forces acting upon the rod are Wsi Gr, the centre 
of gravity of the rod, and W* at B, both vertically downwards, 
and the reaction of the sphere at C; hence this reaction must 
be equal and opposite to the resultant of W and W. 

In the first place, then, the point C in the rod must be such 

that 

GCiBC:: TV : W. 

Next, this point may be placed anywhere upon the sphere 
provided that d be not greater than s^ because R can make 
any angle with OC not greater than e; tan s being the coeffi- 
cient of friction between the rod and cylinder. 
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(5). A hemisphere ACB is placed upon a rough plane 
which is inclined to the horizon at an angle a : given that the 




coefficient of friction between the two surfaces is /w « tan € ; 
find the limiting position of equilibrium, 

G the centre of gravity of the hemisphere may be taken 
in the radius OK, which is perpendicular to AB, at a distance 
OG from = A : let r be the radius of the hemisphere. Let 
represent the angle which OG makes with the vertical in a 
position of equilibrium. 

Since the only forces acting upon the hemisphere are its 
own weight vertically downwards at G, and the reaction which 
may be of any magnitude at C, it is sufficient and necessary for 
equilibrium that this reaction be vertical and pass through G. 

In other words, there will always be equilibrium provided 
that G be vertically above C, and GCO be not greater than e. 

But when GC is vertical, 

GCO = a, 
OG sin GCO 



and therefore, since 



OC sin OGC 

h sin a 

r sin * ' ' ' 



(1). 



i 
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Hence we see that generally there is but one position in 
which O can be vertically above C; if however the least value 
of 6 given by (1) be greater than BGO, its supplement will also 
evidently correspond to a possible position of the hemisphere 
such that O shall be vertically above C. 

If O be placed vertically above (7, it is still necessary for 
equilibrium that OCO » a be not greater than e : unless this 
condition be fulfilled, the hemisphere can in no way rest with 
its curved surface upon the plane ; hence the extreme case for 
which equilibrium would be possible, would be when a = e. 

(6). A string fastened to a point in a rough wall is wrapped 
round a ball, which is then allowed to hang against the wall; 
determine the limiting position of equilibrium. 

Let BAL be the ball in its position of equilibrium, O its 
centre, B the point where it touches the 
wall, A the point where the string first 
touches the ball, C the point where it is 
fixed. The forces acting upon the ball 
are, the tension of the string ACy the 
reaction of the wall at B, and the weight 
of the ball acting vertically downwards 
at 0. 

Let the directions of the weight and 
of the tension meet in D; then, that 
there may be equilibrium, it is sufficient 
and necessary that the direction of the 
reaction at B also pass through D. Now 
this will always take place, provided that 
DBO be less than s = tan"*/*, where /* 
is the coefficient of friction between the 
ball and the wall, and the limiting case 
will be when Z>£0 just equals e. (Art. 41). 

Let, in this case, ACB be denoted by fl, join 0(7, and draw 
DB' perpendicular to BCi then, because OC bisects the angle 
ACB, and DOC\% equal to OCB, therefore 

DOC^DCO, 
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and 


DO = DC, 


hence 


DB DB' OB 
DC DO OD ' 


or 


sin 9 « cot 6, 
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which gives the value of required. 

It is easily seen from this, that equilibrium could not subsist 
at all, if fi were less than 1 . 

(7). A heavy smooth beam ABy whose weight is W^^ passes 
through two smooth rings, so placed that a, is the angle be- 




tween the beam and the vertical BL, and rests with its 
extremity B upon the side of a heavy wedge CDE, whose 
weight is TFj. If the coefficient of friction between the plane 
and the ground be pi equal tan a,, and a^ be the inclination of 
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the plane to the horizon, the system will be on the point of 
moving, provided that 

TTi tan a, = TF, tan (a^ - a,). 

Let JR be the mutual reaction between the beam and wedge, 
this will act at B perpendicular to DC, because the end of the 
beam is supposed smooth. 

The wedge will be in equilibrium under the action of the 
following forces : its weight TFj acting vertically downwards, the 
reaction B acting at B perpendicular to DC, and the resultant 
of the reactions of the ground upon its base. 

Since the wedge is just on the point of moving, the greatest 
possible amount of friction must be called into action between 
the wedge and the ground, and therefore the resultant of their 
mutual reactions must be inclined at an angle tsm'^ fi (Art. 41), 
i.e. at an angle a, to the vertical; hence the resultant of B 
and TV^, which must counteract this force, must also be inclined 
at an angle a, to the vertical. 

Let the directions of B and W^ meet in 0', take ffN to 
represent TF„ and draw JVjBT making an angle «, with the 
vertical O'N, then the sides of the triangle KON are parallel, 
and therefore proportional to -B, W^ and their resultant ; hence 
we have 

B Ka 



W^ ON' 

sin a 



2 



(1). 



sin (a, - a,) 

Again, the beam is in equilibrium under the action of the 
following forces : B acting at B perpendicular to DC, W^ its 
weight acting vertically downwards, and the reactions of the 
rings. 

Now, because the beam is quite smooth, these reactions 
must be perpendicular to it; therefore the resultant of B and 
W^ which must counteract these reactions must also be per- 
pendicular to the beam. 

Let the directions of B and W^ meet in 0, and draw BM 
perpendicular to AB; then the triangle OBM has its sides 
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parallel to and therefore proportional to the three forces JR, 
IV^y and their resultant; hence we have 

R BO sin 0MB 



TT, OM sin OBM' 

cos MGB 



cos a. 



(2): 



COS OBO cos (aj - Oj) ' 
therefore elimiaating R between (1) and (2), we get 

W^, tan a, = W^, tan (a, - a,). 



(8). A cylinder ABA', whose weight is TV, rests between 
two inclined planes CA, CA, the coefficient of j&iction being 




W+Wa 



tan \, and the inclination of the planes to the horizon a and a ; 
a weight W is suspended from B, the extremity of the hori- 
zontal radius OB of the cylinder by a string which is coiled 
round the cylinder. If W be the greatest weight which can 
be suspended consistently with equilibrium^ then 



W 



sin X cos 



a — 



2 



M 



cos 



a + a 
2 



G 
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By the nature of the question^ the greatest possible amount 
of friction will be exerted at A and A', and therefore the 
directions of the reactions at those points will be inclined at 
angles equal X, to the radii AO and A'O; let these directions 
meet in O'. 

The cylinder is kept in equilibrium by these reactions^ the 
weight W at and W at B. But these two weights will 
have a vertical resultant equal W + W* passing through a 
point M in OB, such that 

OMiOB:: W: JV+W (1): 

as this must be counteracted by the resultant of the before- 
mentioned reactions^ it must also pass through (/ ; or in other 
words, (yM must be vertical, and therefore perpendicular to 
OB. Join Off, and caU 00'M'= 0; then if r be radius of 
the cylinder, the proportion (1) becomes 

00' sine :r:: TV' : W+W (2). 

Now in triangle 00' A', 

Off ^ sin OA'ff sinX . 

r sin Off A' " sin (a' + + X) ^ ^' 

and from triangle Off A 

Off sin OAff sinX 
r " sin OO'A "" sin(e - a + X) ^ ^' 

therefore from (3) and (4), 

sin (a + e + X) = sin(e - a + X), 

therefore a' + © + X = tt - (0 - a + X), 

therefore ^ = « + ~~7; ^^ 

2 2 

therefore from (3) 

n/v sinX 

Off « r J . 

a + a 
cos 

2 
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Substituting in (2) we get 



sin \ cos f \ 

L-L, L : 1 :: PT' : TF' + IF. 



a + a 
cos 

2 



g2 
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SECTION VI. 



THE SIMPLE MECHANICAL POWERS. 



45. The object of all machines considered in a statical 
point of view is to enable a certain force as P^ which is called 
the Power ^ to be in equilibrium with a second force, as W 
which is termed flie Weight. If of these counteracting forces, 
P be smaller than Wy the power is said to act at a mechanical 
advantage; if it be greater than W^ at a mechanical disad- 
vantage. These distinctive names are given to the two forces 
because we are most familiar with the use of machines when 
employed for the purpose of raising or moving heavy bodies 
by the application of a small force or power. 

46. All machines or mechanical powers may be considered 
as being formed by combinations of cords and rods with hard 
surfaces. The simplest of them Bxe the Lever, Wheel and 
Axle, Toothed Wheels, Pulley, Inclined Plane, Wedge, and 
Screw. 

The Lever, 

47. Def. The simple lever is a rigid rod without weight, 
capable of turning freely about some fixed point in its length, 
which is called the fulcrum. 

The power and weight are applied at two other points of the 
rod. The relative positions of these points with respect to the 
fulcrum suggest the division of levers in three classes as follows : 

Suppose C to be the ^crum, A the point of application 
of the power which m^y be the . Fig-(i)- 

tension of a cord produced by 
pulling by the hand ; B that of the pV 
weight, as of a body; then fig. (Ij 



7^ 
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represents a lever of the first kind where the fulcrum is between 
the power and the weight. The Crowbar in some methods 
of use is an example of this species ; Scissors and Carpenters* 
Pincers are double levers of the same kind^ the joint being 
the fulcrum. 

Fig. (2) represents a lever of the second kind^ where the ful- 
crum is at one end^ the power at the Fig. (2). 
other, and the weight in the middle. A ^ 

3 Li " 




^ 




A crowbar may be used so as to be 

a lever of this kind. A cork-squeezer 

and an oar are other examples ; in 

the last, the blade of the oar in the 

water is the fulcrum. Nut-crackers are double levers of the 

same kind. 

Fig. (3) represents a lever of the third kind, where the 
fulcrum is again at one end of the Fig.(8). 

rod, but the power is in the middle, ^ 

and the weight at the other end. 
The bones of the arm where the 
muscle produces the power, are 
examples of this kind of lever; 
Blacksmiths* tongs, shears, &c. are 
double levers of the same sort. 

48. Def. The distances AC, BC of the points of appli- 
cation of the power and weight from the fulcrum, are termed 
the arms of the lever; they need not be in the same straight 
line; when they are not so, the lever is said to be a bent 
lever. 

The directions of the power and weight may be any what- 
ever. 

49. In all cases the lever is kept in equilibrium by the 
forces called the power and weight respectively, and the re- 
action of the fulcrum ; hence the resultant of the power and 
the weight must equal this reaction of the fulcrum, and its 
direction must pass through the fulcrum, which is insured 
(Art. 28) when the algebraical sum of their moments about the 
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fulcrum vanishes: this condition is sometimes enunciated in 
the following form — the power and the weight are inversely 
proportional to the lengths of the perpendiculars drawn from 
the fulcrum upon their directions. 

As the reaction of the fulcrum^ or its equivalent, the 
pressure upon the fulcrum, is equal to the resultant of the 
power and weight, it follows that when the power and weight 
are parallel, and act in the same direction, it is equal to their 
sum, and when they are parallel, but act in opposite directions, 
it is equal to their difference (Art. 23). 



Wheel and Axle. 

50. The annexed figure represents a wheel and axle. HH' 
is a cylinder capable of turning freely about pivots CC at its 

A 




extremities, AB is a wheel firmly fixed to the cylinder HH' 
and Having the same axis. The power P acts by means of 
a cord or rope which is wrapped round the circumference of 
the wheel; the weight W is applied in a similar manner by 
a rope which is wound round HH', but which runs in an 
opposite direction to that of P. 
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By the aid of a figure representing a section of the machine, 
made perpendicular to the axis, it is not difficult to see that the 
power and weight respectively are 
always acting at the extremities of a 
lever of the first kind, whose arms 
are the radii of the wheel and axle, 
and fulcrum the axis of the machine ; -^i 
hence, for equilibrium, the moments 
of these forces about the fulcrum must 
be equal; or if JB be radius of the 
wheel, r of the axle, we must have 

The common apparatus for raising 
a bucket out of a well is a familiar 
example of this machine. 

Toothed Wheels. 

51. Suppose two wheels, whose circumferences are indented 
with teeth, to be so placed that their teeth fit together, and 





their axes lie parallel to each other : if then one of them be 
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made to revolve about its axis by a force applied to it^ it will 
communicate motion to the other by means of the mutual 
pressure of the teeth: this tendency to produce motion may 
be counteracted by the action of a force applied to the second 
wheel; these two forces may be called the power and the 
weight of the system^ the P and the TF as in the lever. 
P and W may be applied to their respective wheels in an 
almost infinite number of ways ; it is not uncommon for them 
to be so by means of a rope coiled round an axle to the wheel 
in each case ; the system then becomes a combination of a pair 
of wheels and axles. 

If then r, R be the radii of P's wheel and axle respectively, 
and r'R those of Q's, it is not difficult, by the aid of Art. 50, 
to see that P R r* 

If ii a Rf since the teeth are set at equal distances on each 
wheel, and their numbers on each are therefore inversely pro- 
portional to the radius, we observe that the above form becomes 

P _ number of teeth on P's wheel 
W number of teeth on H^'s wheel * 

The Pulley, 

52. The Pulley is a small wheel capable of turning about 
its axis, which is fixed in a framework called the block; 
according as the block is fixed or moveable, so is the pulley 
termed a fixed or moveable pulley. The object of the pulley 
is to change the direction of the tension of a cord which passes 
over it: as either the edge of the pulley which the cord touches, 
or the axis of the pulley, is always supposed to be perfectly 
smooth, no other change is produced in the force thus trans- 
mitted ; it remains of the same intensity at every point of the 
cord. Combinations of pulleys may be made in a great variety 
of ways; in all of them, a force acting upon the first string 
is made to sustain another which is applied by the aid of the 
last; these two forces constitute the power and the weight 
P and W. 
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63. The annexed figure represents a single moveable pulley, 
by means of which a force P applied to 
one end of the cord supports a weight W 
which is attached to the block; the cord 
passes freely round the pulley, and is at- 
tached to a fixed point A, 

Since every thing is supposed to be 
smoothj the tension of the string will be the 
same throughout its length. 

If the cords be parallel, the sum of their 
tensions must be equal to the weight which 
they counteract; and therefore neglecting 
the weight of the pulley, 

2P « TV. 



Generally, the weight of the pulley is 
too considerable to be omitted, put it equal 




w 



then 



2P= Tr+ w. 



Y 



This relation may be put into the following convenient 
shape, 

54. If the cords make an angle 2a with each other, we 
should find the relation between the power and weight to be 

P cos a - Mr « J( TF'- «?). 



55. The annexed figure represents a system of n pulleys 
in which the string that passes round any one pulley has one of 
its ends fastened to a fixed point, and the other attached to the 
block of the next pulley ; the weight is applied to the block of 
the lowest pulley, and the power to the extremity of the first 
string. This is called the First System of PuUeys. 

Suppose all the strings to be parallel; and represent the 
tension of the string which passes round the lowest pulley A^ 
by 7p that of the string passing round A^ by 7*,, and so on : 
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then, calling the weights of the pulleys w^, t(?,...«'^y respectively, 

9' 




we have for the equilibrium of the lowest pulley, by the pre- 
ceding Article, 

27;-(Tr-nr.) (1). 

Similarly, since the tension of the string round A„ when 
applied to the block of A^, takes the place of TF" in the pre- 
ceding case, 

zr.^r. + w, (2). 

Similarly &c. = &c. 

25r..,= 2',., + to... («-l), 

22:=r«., + «». (»). 

Now, multiplying equation (2) by 2, equation (3) by 2', &c 

and equation (n) by 2**~S and adding them altogether, we get 

2*T = W+ to, + 2w^ + &c + 2"-'^? . 

ft X # n 

Also it is evident that T^^P: therefore the relation required is 

2"P = fr+ «7, + 2m?, + + 2"-X- 
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or 



If the weights of the pulleys be all equal w, this becomes 

2»P= TF+ M?(2-- 1), 



56. In the Second System of Pulleys 
the same cord passes round all the 
pulleys of which each alternate one is 
fixed in one immoveable blocks the 
others are fixed in another block to 
which the weight is attached. 

If the pulleys be so arranged that 
the several parts of the string passing 
from pulley to pulley are all parallel, 
since the tensions of these parts must 
all be the same and each equal P, the 
lower block and the weight W attached 
to it are held up by n parallel forces 
each equal P, where n is twice the 
number of the pulleys at the lower 
block, and therefore equal to the whole 
number of the pulleys employed. If, 
then, we represent the weight of the 
lower block together with the weights 

of its - pulleys by to, we have 

nP^ W+w, 

which is the relation existing in this 
system between P and W. 









w 



67. In the 7%ird System of pulleys, the cord which passes 
over any one has one extremity fastened to the block to which 
the weight is attached, while the other is attached to the block 
of the next pulley : the highest pulley is fixed. 

Let A^ be the lowest pulley, A^ the next higher, and so on, 
A^ being the highest and fixed one; w?,, to^...w^ the weights 
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of these pulleys respectively^ and 7\, T^...T^ the tensions of 

the string passing over them: then^ 

supposing the strings to be all parallel^ 

we have, beginning with the highest 

pulley, 

^.«2r.., + tc,., (1), 

T., = 27. . + tt7_ (2), 



- 2T + to 

&C. " &c. 




T,^2r^^w, (n-1), 

T,-P (n). 

Also, since the weight Wis held up by 
the sum of the tensions 

7; + 7; + ..,. + 3;= w^. ... (a> 

Adding together the first n equations, 
we get, by (a), 

2T^ « ?r+ P + tt7, + w, ... + w^_, .-(i3> 

Now, multiplying (1) by 2, (2) by 2*... 
and (») by 2", and adding, we have 

2T^ - 2w^,, + 2'w?^_, + 2"-'^, + 2*P (7). 

Hence, subtracting (7) from C/3), 

»^= P(2" - 1) + t£?,(2-* - 1) + w..,(2' - 1) + tt?,.,, 

which is the relation required between P and W. 

The Inclined Plane. 

58. The inclined plane, as a mechanical power, is of use 
simply to raise heavy bodies. When considered statically, the 
question must be, what power acting in a given direction will 
keep the proposed weight in equilibrium upon the plane ; or in 
what directum must a given force act in order to effect the 
same thing ? In either shape the question is one of the simplest 
that can be propounded in Statics, and has abeady appeared in 
the foregoing sections ; its solution may be generally stated 
thus : 
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If a be the incliDation of the plane to the horizon, e that of 
the power P to the plane; TV the weight, 
W cost 
P °^^' 

The Wedge. 
59. The wedge is a solid triangnlar prism, formed of some 
hard material, such as steel: its section made perpendicolai 



to its length is generally an isosceles triangle. Its ase is to 
separate the parts of a body or system which have, from any 
canse, a tendency to approach each other ; this is effected by 
introducing its edge between them and then applying a force 
to its back sufficient for the purpose. 

Suppose A and .i4' to be two particles of a body forcibly 
held separate by means of the wedge ; if the wedge were 
remored, the two parts of the body would collapse ; and on 
account of the rigidity of the system, A and ^ would begin 
to approach each other by moving along some definite curved 
line or path; hence the effective force of the wedge which 
keeps A and A' apart must act along this curve, i.e. its 
direction must coincide with the tangent to the curve at A. 
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Suppose AQ to be this direction, making an angle t with the 
normal to the wedge at A : call the force applied to the back 
of the prism 2P, this effective force along AQ, W; these are 
the power and weight respectivelf of this mechanical system. 

To find the relations between them, we may suppose A and 
A' to be symmetrically situated with regard to the wedge, and 
the force 2 P to be applied at the centre 
of the back and perpendicularly to it: 
the reactions between the wedge and ob- 
stacle will be the same both at A and A', 
equal R say ; and if the greatest amount 
of friction be called into action, will be 
inclined at an angle c to the normals at 
A and A', where tant is the coefficient 
of friction between the wedge and ob- 
stacle. Hence R?i.i A and R at A' will 
meet the direction of 2P at some point : 
and since these three forces keep the 
wedge in equilibrium, we have 

2P sin Iff - 2 (n-t- Q} sin 2 (g 




^ - /= 2 sin (a 4 0- 

Again, this force R, in its action upon A, counteracts the 






ii: ;• '/i 



Xn 
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force which tends to make A approach A', and which we have 
called W, together with the other forces of molecular action 
which the application of the wedge may have called forth, such 
as the resistance of the ground transmitted by the rigidity of 
the substance to A, or any other cause which renders the body 
fixed and capable of receiving the application of the wedge. 
These are necessarily perpendicular to AQ, for, by supposition, 
W alone gives the tendency to motion ; hence the resultant 
of It and TV, which would counteract these, must be perpendi- 
cular to AQ, and therefore we have, by the triangle offerees, 

R 1 

W cos (t + s) ' 

Hence P _ sin(« + e) 

TV coB{i + s) 

If there be more particles than A in contact with the side 
of the prism, the P in the above equation must be that portion 
of the whole power which may be supposed to be appropriated 
to keeping A in equilibrium. 

The wedge is but little known as a machine for producing 
equilibrium between forces : in its diflferent forms of hatchet, 
knife, chisel, plough, &c., it is used to enable the force applied 
to its back or its equivalent, whether impulsive or not, to 
produce a dynamical effect ; i. e. to force apart two or more 
points of a rigid body, to drive them through a space away 
from each other, and not to keep them remaining at rest, 
separated by an interval of space. It is only at the termination 
of each stroke of the instrument that equilibrium of the kind 
supposed in the problem really does subsist. In the interval 
between the strokes, if the instrument remains in its place, 
friction alone counteracts the effort of the rigid body to force 
the wedge out again. 

I%e Screw. 

60. Suppose a solid cylinder to have a projecting rib or 
thread wrapped round its surface in such a way as always 
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to make the same angle with the axis; suppose also a hollow 
cylinder of the same radios^ and haying a groove winding round 
its inside surface in exactly the same way as the thread does 
round the exterior of the solid cylinder: if now the first of 
these be placed so as to fit into the second and be turned about 
its axis^ the thread will slide along the groove^ and the solid 
cylinder will advance within the other: such a contrivance 
is called a Screw. The interior cylinder and its shell are some- 
times distinguished by the terms Male and Female Screw. 
Sometimes too the female screw is called the nut. 

It is evident that if the nut be fixed^ and the screw be 
made to revolve within it^ its extremity may be pressed against 
any obstacle, and thus act so as to keep in equilibrium some 
other given force; this force, and that which gives the screw 
the tendency to revolve, may respectively be called the weight 
Kadi power of the system, PFand P as before. 

In considering the relation between P and W, we may for 
simplicity's sake suppose the screw to be vertical, and to be 





used for supporting a heavy body whose weight is TF, the 
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power P being horizontal and tending to turn the cylinder 
round by acting, at the extremity of an arm perpendicular to 
the axis of screw and length a. 

The whole system will be in equilibrium und^r the action 
of the force W acting downwards^ the force P acting hori- 
zontally^ and the resistance of the groove upon the thread 
perpendicular to the thread at every point. 

We may conceive this as equivalent to each particle of the 
thread bearing its own share of the weight W, and being acted 
upon by a horizontal force capable of producing the effect upon 
it which P actually does : thus. 

Let m be any particle of the thread resting on the groove^ 
V) the part of W supported by 
it, p the horizontal force equi- 
valent to a portion of Py R the 
normal reaction of the groove 
upon m^ a the constant angle 
which the line touching the 
thread at m makes with the 
horizon; then^ since these three 
must be in equilibrium^ 

p sin Rmw 
to sin Bmp 

sing , 
cos a 

B tan a. 

Similarly, it p{W^, pj^^, , . .pji/o^ correspond to w,, m,,. . . .w^, 
all the other points of the thread 

tarn, - ^ - -P' = -P» - ^P- „-P±A±-::iiP. 

to tO^ W^ K?^ W + K?i + .,. + tO^ 

by a common theorem. 

Now the sums of the w^s must make up the whole weight W; 
and all the p^s acting horizontally at the surface of the cylinder^ 
(1.6. at a distance a r the radius of the screw from its axis), 
form, with the force P acting at distance a which they counter- 

H 
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act, a many-armed lever^ which is in equilibrium about its 
fulcrum the axis of the cylinder : hence the sums of the 
moments of these j^'s must equal that of P about the axis of 
the screw. These two considerations give us 

10 + «?, + w, . . . . + w^ = ?F, 

pr +Pir -¥ .... + pjr = Pa, 

or i> + ft+ + A -^r ' 

Hence^ substituting above^ 

P a 

- -=tana, 

P r ^ 

— ,= - tana, 
Jr a 

2vr tan a 

2va 

Now 2irr tan a is the distance between the threads of the screw 
measured parallel to the axis of the screw, and 2ira is the cir- 
cumference described by P in one revolution ; therefore 

P distance between the threads 

W revolution of P 



Balances, 

61. Of the many instruments to which the principle of the 
leyer is applied, balances or contrivances for weighing are 
perhaps those in most common use. 

In all of them the adjustment is such that the arm at which 
the weight of the substance to be weighed acts, is either of 
constant or of known length ; hence the weight itself will be 
known when its moment about the fulcrum is known ; but this, 
by the principle of the lever, is equal to the moment of the 
counteracting force. Balances differ from one another in the 
methods which are adopted for making this latter moment 
known by inspection. 

62. The most usual form of the balance is that termed the 
Common Balance. It is simply a heavy lever of the first kind. 
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whose arms are equal; the substance to be weighed^ and the 
weight which is to counteract it, are placed in two scales, 
which are suspended, one from each extremity of the lever. 
When the balance is in proper adjustment, the weight of the 
arms and scales of themselves keep the lever or beam in equi- 
librium in a horizontal position, the centre of gravity of the 
whole being below the falcrum: it is evident, therefore, that 
as the arms are equal, the substance weighed will have the 
same weight as the standard weight in the other scale, when 
the two keep the beam horizontal: and if the beiam, thus in 
equilibrium, be disturbed, it will after a few oscillations return 
to its position; the quicker the beam assumes its horizontal 
position after such disturbance, the more stable is the balance 
termed. If the weights in the two scales be not equal, the 
beam will in its position of equilibrium be inclined to the 
horizon : when this angle of inclination is great for a small 
difference of the weights, the balance is said to possess great 
sensibility. The best form of the balance for insuring these 
requisites of horizontalityy stability, and sensibility, can be dis- 
covered without much difficulty of investigation : the principles 
of parallel forces or of the lever, already discussed, are sufficient 
guides to the solution. 

68. The next important form of the balance is the Common 
Stedyard. 

It is represented in the annexed figure. AB is a graduated 




lever suspended from a fixed frilcrum C. At ^ is a scale-pan 

h2 
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in which the substance to be weighed is placed, and P is a 
given weight which is moveable along AB, and its position on 
the graduated beam (when the beam is horizontal) determines 
the weight of any substance in the scale-pan. 

Let TV he the weight of the beam and scale-pan together, 
O their centre of gravity, and let Q be the weight of the 
substance to be weighed, and N the position of P when there 
is equilibrium. 

Then since the resultant of P at JV, W at G, and Q at A, 
must pass through (7, the sum of their moments about C must 
vanish, and therefore 

Q.AC^ P.CN-¥ W.CG. 

If D be the point from which, if P be suspended, it will keep 
the beam in equilibrium, when not loaded with any weight in 
the scale-pan, then 

P.CI>» WCG, 

and therefore, by substitution in the above equation, 

Q.AC^P.(CN+ CD) = P.DN, 

therefore Q = P -—^ . 

AC 

Suppose now that the beam DB be graduated by taking 
JDOj, Da,, &c. equal to AC^ 2 AC, &c., respectively; and sup- 
pose the figures 1, 2, 3, &c. to be placed over these points of 
graduation a^, a,. . . ., subdivisions being made between them : 
it is clear that by a simple observation of the graduation at N 
we know the ratio of Q to P; and therefore the value of Q 
itself as P is a given weight. 

64. Both in this and the common balance, the pressure 
upon the fulcrum is equal to P -{■ Q •\- fV, where P is the 
weight, Q the substance weighed, and W the weight of the 
machine itself; the greater this pressure is, of course, the 
greater is the friction at the fulcrum, and therefore the sen- 
sibility of the balance is less : as in the Steelyard P never 
changes, while in the common Balance it must always equal Q 



^^fUfc— I^M^^ -^^Ma^M "^ » ^ I .. .~^-^- X ..':t_^^-* J.^,>^».^9.^ 
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it is clear that the first has the advantage over the latter when 
used for determining weights greater than P; but that for 
smaller weights the common balance is better. 

For the description of the Bent Lever Balance, Roberval's 
Balance, Danish Balance, and various other machines, reference 
may be made to the Second Treatise on Mechanics, published 
by the Society for the Diffusion of Useful Knowledge. 



Examples to Section VL 

(1). A uniform rod two feet long, weighing 2 lbs., can turn 
about a fulcrum four inches distant from one extremity; and 
from the end neai-est to the fulcrum a weight of 1 6 lbs. is sus- 
pended: find where a weight of 6 lbs. must be suspended in 
order to produce equilibrium. 

Assume the point to be at a distance x feet from the ful- 
crum : then the resultant of the 6 lbs. acting here, the 16 lbs. at 
its extremity of the rod, and the weight of the rod itself at its 
middle point, must be counteracted by the resistance of the 
fulcrum ; it must therefore pass through the fulcrum : and 
hence the sum of the moments of the three above forces taken 
about the fulcrum must vanish. This consideration gives an 
equation for finding x. 

(2). A power P acting at one end of a lever three feet from 
the fulcrum balances a weight 3P placed at the other end : find 
the length of the lever, neglecting its weight. If the weight of 
the lever itself, supposed uniform, were JP> and its length the 
same as before, what weight would the power P support ? 

(3). Weights of 1 lb. and 4 lbs. are suspended from the ends 
of a straight lever without weight ; the fulcrum and a point, 
at which another weight is suspended, divide the lever into 
three equal parts: find the third weight when there is equi- 
librium. 
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(4). A uniform heavy rod four feet long with a weight of 
12 lbs. attached to one extremity balances upon a fulcrum nine 
inches from that extremity : find the weight of the rod. 

(5). A weight P, when suspended successively at each end 
of an uniform rod^ which is capable of turning freely about 
a fixed point in itself, is balanced by weights Q, JR respectively 
at the other end: find the position of the fixed pointy and 
the weight of the rod. 

(6). The two arms of a weightless lever are at right angles 
to each other ; to the one arm a weight is attached by means 
of a string passing over a pulley which is vertically over the 
fulcrum and at a distance from it equal to the length of the 
arm ; to the other arm another weight is hung. Determine the 
position of equilibrium. 

Let CAy CB be the two arms of the lever, D the pulley 
vertically above the fulcrum (7, and such 
that CD - CA. 

Let W be the weight attached to A by 
means of the string AD passing over the ^r 
pulley, W the weight suspended at Bi 
then the bent lever is in equilibrium under 
the action of these two forces, and the re- 
sistance of the fulcrum at C; therefore the 
resultant of W and W must pass through 
C'y let the direction of W meet that of W 
in 0, then CO is the direction of their 
resultant> and the triangle CDO has its 
sides parallel to and therefore proportional 
to the three forces IF, W^', and their result- 
ant therefore W:W::CD:OD. 

If DC A be represented by 0, we have, drawing CO' parallel 




to^2>, 



OD^CO'^BC^^^^^^, 

sinCOB ' 

^^pcose 



cos- 
2 
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therefore, by substitution above, since CD »= CAy 

W: Wr.CAiCB^^; 

u 

cos- 
2 

therefore putting CA « a, CB = J, we get 

b TV cos = a TF'cos - . 

2 

The solution of this equation gives us 

2 ibW ^ ^' 

'''^ iOr ^*^- 

of these values the negative one is always less than 1 ; the 
positive one is so when bW is not less than aW. If then 
we consider the position of equilibrium as given by the result 
(1), we observe, 

l8t, that when b W is less than a W, no such position is 
possible with the assumed conditions. 

2ndy that = 0, or CA coincident with CD, and there- 
fore CB horizontal gives the position of equilibrium when 
bW^aW. 

Srd, that as the ratio of bW to aW increases, also 
increases, or the angle which gives the position of equilibrium 
of CA also increases. 

4th, that the greatest value, which this angle could have, 
would be, when the ratio of b W to aW approached infinity ; 

but in that case by (1) cos - = -7- , therefore => - , and CA 

•^ 2 ^2 2 

would be horizontal. 

If now we consider the equilibrium as given by the 
negative residt (2), we observe, 

(1), gives positions of equilibrium for all values of TV and W\ 

(2), that when TV' equal nothing, the position of equi- 
librium will be when CA lies vertically downwards. 



104 



STATICS. 



(d)y that as W increases, 9 increases. 

(4), that when J^ is very large compared with aW, 

Sir 6 

9 becomes very nearly equal to — , because cos - then ap- 

proaches to - -r- as its value. 

The first figure gives the position of equilibrium for a given 
value of IV and TV as found from the 
result (1). 

The annexed figure gives the position 
for the same value of Wand W as found 
from (2). 

(7). If two forces P and PF sustain each 

other on the arms of a bent lever PCW, 

whose frilcrum is C, and act in directions 

PAf WAy which form the sides of an 

isosceles triangle PAW; shew that if 

AC he joined, and produced to meet PW 

in JP, 

P:W::FW:FP. 

The annexed figure represents the system. 

Draw FL, FM parallel to PA and WA respectively. 





Since the lever is kept in equilibrium by the forces P, 

W^ and the reaction at C, the resultant of P and PF'must pass 

through C; hence -4 C is its direction, and by the parallelogram 

of forces, P and W must be proportional to AM and AL 

respectively, or 

P :W::FL: FM. 



I 
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Now, by construction it is evident that PMF and FLW 
are both isosceles triangles similar to each other, therefore 

FLiFM::FWiFPy 

therefore PiW:\ FW : FP, 

(8). Two equal scale-pans are suspended from the ends 
of a straight lever, whose arms are as 3 and 4; and an iron 
bar of 20 lbs. weight is laid upon the scale-pans (just reaching 
from one to the other): in which of the scale-pans must a 
weight be placed, and how great must it be, in order to 
produce equilibrium? 

The forces acting here are the weight of the bedm and 
scale-pans, and the weight of the iron bar, both acting in a 
vertical line passing through the middle point of the lever, the 
weight required to be placed in the scale-pan nearest the 
fulcrum, and the resistance of the fulcrum. 

(9). If the arm of a cork compresser be 18 inches long, and 
the cork be placed at an inch-and-a-half from the fulcrum, find 
the pressure produced by a weight of 12 stone suspended from 
the handle. 

(10). The whole length of each oar of a boat is 10 feet, and 
from the hand to the rowlock the distance is 2 feet 6 inches; 
each of 8 men sitting in the boat pulls his oar with a force of 
50 lbs. Supposing: the blades of the oars not to move through 
the water, find the resultant force propelling the boat. 

Each man pushes back the boat with his feet with a force 
exactly equal to that which he applies to the handle of the 
oar, i.e. 50 lbs.; but he presses it forward also by the force 
which his oar produces upon the rowlock; it is therefore the 
difference between these forces by which he really pushes the 
boat forward. 

(11). What is the ratio between the radii of a wheel and 
its axle, when a cwt. balances a ton? 

(12). Two weights P and Ware supported on a wheel and 
axle, P by a string passing round the wheel, ^ by a moveable 
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pulley whose strings are parallel^ and one of them winds on the 
wheel and off the axle, as P descends : determine the ratio of 
PUyW. 

This may be solved in two ways : the weight may be con- 
sidered as applied at any point of the wheel which is vertically 
above it^ in which case the tension of the string must be 
omitted^ for it serves only to keep the weight rigidly attached 
to the wheel ; or again, we may find the tension by considering 
the weight as supported on a single moveable pulley, and then 
consider P as kept in equilibrium by the application of this 
tension both at the wheel and at the axle. 

(13)! In a combination of wheels and axles, ^in which the 
circumference of each axle is applied to the circumference of 
the next wheel, and in which the ratios of the radii of the 
wheels and axles are 2:1, 4:1, 8:1, and there is equilibrium 
when the power is to the weight as \ ipi determine the 
number of wheels. 

(14). If a man stand in a scale attached to a moveable 
puUey, and a rope having one end fixed pass under this pulley 
and then over a fixed pulley, with what force must he hold 
down the free end in order to support himself, the strings 
being parallel? 

(16). P and FF represent the power and weight upon the 
inclined plane : if P's direction lie between the vertical and the 
normal to the plane, shew that the body must be supported 
beneath the plane. 

Assume i2 to be in the usual direction; its value will be 
found to be of a negative sign : the interpretation of this is not 
difficult. 

(16). If the weight W could be supported on a single move- 
able pulley by a force P, what must be the inclination of a 
plane on which the same weight could be supported by the 
same force applied parallel to the plane? 

(17). A smooth wedge of given vertical angle is inserted 
between a horizontal plane and a vertical screw : if a force W 
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be applied to the screw at an arm a, what must be the force 
acting upon the head of the wedge to preserve equilibrium? 

(18). A dmooth solid body in the shape of a wedge is placed 
with one side upon a horizontal plane^ the other side thus 
forms an inclined plane; a heavy body is placed upon this 
inclined plane^ and is prevented from sliding down it by a 
string attached to it^ which is fixed to the top of the plain: 
why does not the pressure of the heavy body perpendicular 
to the side of the wedge make it slide along the horizontal 
plane? 

(19). The arms of a balance are unequal and one of the 
scales is loaded; a body whose true weight is Plbs. appears 
to weigh Wlha. when placed in one scale, and Wlhs, when 
in the other : find the ratio between the arms, and the weight 
with which the scale is loaded. 

(20). A shopkeeper has a false balance, and thinks to make 
his customers' consequent losses and gains balance each other 
by weighing the goods which he sells alternately in the one 
scale and in the other: does he succeed? 

(21). The sliding weight of a Steelyard is 9 lbs. The zero 
point of graduation is ^ an inch from the fulcrum on the longer 
arm, and the whole beam will balance about a point 3 inches 
from the fulcrum on the shorter arm: what is the weight of 
the beam? 

(22). In a common Steelyard whose moveable weight is one 
pound, it is observed that the distance between the point of 
suspension C and the graduation marked lib. is exactly half 
the distance between C and the point A from which the sub- 
stance to be weighed is hung ; the steelyard alone weighs 6 lbs. 
Determine the distance of its center of gravity from C. 
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SECTION I. 

ON COUPLES AND SOME PROPOSITIONS RELATING TO FORGES 

NOT IN ONE PLANE. 

65. We have seen, (Art. 23), that if P and Q, two parallel 
forces, of which Q is the greater, act in opposite direction at 

la-p 




points A and B rigidly connected together, their resultant will 
be a force Q- P parallel to each of them, and acting at a point 
C in AB produced such that 

AC^ TT^ AB. 
Q- P 

If then P do not differ much from Q, Q - P is very small 
compared with Q, and therefore -4C is very large compared 
with AB; that is, the resultant of the two forces is a very small 
force, and its point of application is at a great distance from 
A or B. 

If the difference between P and Q be still less, their re- 
sultant is again much smaller, and the distance of its point of 
application is greater. 
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By pursuing this train of investigation we are led to see 
that when P differs by an indefinitely small quantity from Q, 
their resultant is an indefinitely small force acting at an inde- 
finitely great distance from A ox B\ or, in other words, when 
P ^ Q the proposed system of forces can have no single 
resultant force, and cannot therefore be kept in equilibrium 
by the action of any single force. 

Dbf. Such a pair of forces is called a Couple. The per- 
pendicular distance between the two forces of a couple is called 
the arm of the couple ; and the product of the arm into the 
force is called the moment of the couple. It is also conventional 
to call the couple or its moment positive or negative, according 
as the forces appear to tend to turn the arm from left to right, 
or from right to left. This convention, it will be seen, always 
leads to consistent results. 

66. The above considerations have brought before us 
systems of forces entirely new, and have thus imposed upon 
us the task of investigating the laws which govern their com- 
bination: no new physical assumptions are however here 
necessary : the proposition of the parallelogram of forces and 
the principle of the transmission of force through a rigid 
body are sufiicient data for our purpose. 

67. By the aid of the Definition "That one couple is 
equal or equivalent to another when its forces, being reversed 
in direction, and their points of application being rigidly con- 
nected with the points of application of the forces of the 
other, will keep those of the other in equilibrium," we. may 
assert the fundamental proposition as regards couples in one 
plane in the following terms: 

A couple placed anywhere in the same plane vdth a given 
couple, unll be equal to it when the moments of the two are 
equal. 

The two couples may either have their arms parallel or 
inclined to each other. 
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First Let them be inclined to each other^ as in the 




annexed figure^ where AB is the arm of the first couple^ 
P the force, CD the arm of the second couple, Q its force. 

The dotted arrow-heads represent the direction of the 
forces of the second couple before reversion. 

It is evident that the forces of the reversed couple must 
meet those of the first ; let them do so in k and k\ If k and k' 
be supposed rigidly connected with the system of points AB, 
CD, we may conceive them to be the points of application 
of the two pairs of forces P and Q, (Art. 15). If the couple 
CD, Q, be equal to AB, P, then from definition the forces 
of the reversed couple must balance those of the first, that 
is, the P and Q acting at k must have a resultant equal 
and opposite to that of P and Q at k'. 

Now the angle PKQ is equal to the angle PK'Q, because 
KQ is parallel to JT'Q and KP to K'P; hence the resultant 
of P and Q at JT must be equal and parallel to the resultant of 
P and Q at JT': it is only necessary therefore that JOT' should 
be its line of direction. 
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This will be the case if 

P sin K'KD 
Q " sin K'KP 

K£r sin K'KM 
"" KK' sin K'KB 

_ CD 



I.e. 



p.^£= a CD, 

or if the moments of the two are equal. 

Secondly. Let the arms be parallel, as in the annexed 
figure, where as before the dotted lines represent the direction 




of the forces of the second couple before reversion ; let one 
of these meet AB or AB produced in K; also let the forces 
P atB and Q at 2> meet CD and AB respectively, or these 
produced in K' and K". 

We may conceive the points (7, K', Ay K" to form one 
rigid system to which the above forces are applied ; and which 
must be kept in equilibrium by them, from definition, when 
the couples are equal. 

Now the resultant of Q at C and P at K* is a force P + Q 
parallel to each, acting 'at a point in CD between them such 

P.DK + Q.DC ,A . n.N 

— . (Art. 24). 



that DO = 



P+LQ 



Again, the resultant of P at ^ and Q at K" is a force 
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P + Q parallel to each, acting at O at point in K*'A, such 
that 

K"a = — ^ K"A 
P+ Q 

P.K"B + P.AB 
P^Q 

P.DK'^P.AB 
P+Q 

Hence it is evident that the only thing necessary for equi- 
librium is, that 

K"(y - DO, 

or that P.AB = Q.DC, 

or, as before, that the moments of the couples be equal. 

68. If any number of couples are acting upon a system 
in the same plants, they may be replaced by one couple whose 
moment is equal to the sum of their moments. 

Let the moments of the given couples be P^a^, P%^i9 ••• -Pa> 
i.e. let their arms be respectively afl^.„a^ and their forces 

For each of these we may, by the last Article, substitute 
a new couple with an arm equal J, provided we also alter 
the forces so that the moments of each of the new ones shall 
be equal to that of the one which it replaces, i.e, 

the force of the first new one must equal ^ P,, 

second j' P,, 

and of the nth new one ^ -P P . 

b " 

Again, as by the hist Article, it is a matter of indifference 
what is the position of a couple in its own plane : let all 
these new ones be so placed that their arms each equal to h 
coincide. When thus arranged it is evident that there will 
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be a force at each end of this arm b which is made up of 
all the above forces ; it is also clear that the forces belonging 
to the negative couples will be opposite to the forces of the 
positive couples ; therefore^ calling the resultant force at each 
end of the arm b, Q, we have 

where the second side is the algebraical sum of the above- 
mentioned forces, considering those positive which belonged 
to the originally positive couples, and those negative which 
belonged to the negative couples. Hence 

bQ = a^P^ + a^P^ + + o^P, 

equals the algebraical sum of the moments of the original 
couples : but the force Q acting at each end of the arm b forms 
a new couple whose moment is bQ. Therefore if there be any 
number of couples in one plane. 

The couple whose moment is equal to the algebraical sum 
of the moments of the given couples is in every way equivalent 
to them. 

69. From what has just been proved, the couple which is 
eqidvalent to two other equal couples applied together, has 
its moment equal to the sum of their moments. In other 
words, the moment of a couple which is double of another is 
double the moment of that other. 

Similarly, a couple which is equivalent to three equal couples, 
i.e. which is treble of any one of them, has a moment which 
is three times the moment of that one. 

By proceeding in the same way it could be shewn that 
a couple which is n times another couple has a moment equal 
to n times the moment of this one. Hence we see that couples 
are proportional to their moments, and may therefore be pro- 
perly measured by them : thus, if C represent a couple whose 
moment is My 



i 
J 
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where a is some constant quantity for all couples. If a couple 
whose moment equal 1, be taken to equal 1^ or be taken for 
the unit of couple in terms of which all others shall be mea- 
sured, we must have from abore 

therefore on this supposition 

or a couple is always represented by its moment. The unit 
of couple spoken of may very well be the couple whose 
force is equal to the unit of force and whose arm is equal 
to the unit of length, for such a couple would necessarily 
have its moment equal 1. 

70. If three forces act upon a point in space, and lines 
be drawn from that point parallel and proportional to them, 
their resultant is parallel and proportional to the diagonal 
of the parallelepiped described upon these three lines as 
edges. 

Let the three forces P, Q, R act upon the point A, and 




let the lines ABy AC, AD be taken parallel and propor- 
tional to them respectively. Upon these three lines as edges 
complete the parallelopiped^ ACEFBi then the resultant 
of Py Q and JB acts along^ and is in the same proportion 
to AFy as P, Qy and R are to ABy ACy AD respec- 
tively. 

Jom ACyBF. 



I 
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Because AB is the diagonal of the parallelogram described 
upon AC, AD, it is in the direction of and proportional to 
the resultant of Q and B. 

Again, because AF is the diagonal of the parallelogram 
described upon AE, AB, it is parallel and proportional to the 
resultant of the forces represented by them, ».«. it represents 
in magnitude and direction the resultant of the force P and 
the resultant of Q and B : it therefore represents the resultant 
of the three given forces. 

71. The results of Articles (32) and (37) may be included 
in the following general enunciation. 

If a body be in contact with a smooth plane at any number 
of points, and these points be joined successively so as to 
form a polygonal figure, since the resistances of the plane 
upon the body at these points form a system of parallel forces 
acting in the same direction, their resultant will evidently 
be parallel to them, and will pass through some point within 
the polygonal figure. Hence for equilibrium the resultant 
of the other forces acting upon the body must be perpen- 
dicular to and act towards the plane, and must pass through 
some point within the above-mentioned polygonal figure. It 
is indifierent whereabouts within the figure this point be 
situated, for the resistances at the points of contact are inde- 
terminate and may be exerted to any required amount; and 
in all cases just so much force will be called into action at 
each point as will make the resultant resistance act at the 
same point as the resultant of the other forces ; only this is not 
possible when the latter does not fulfil the condition of passing 
within the polygonal figure. 

If the resultant of the other forces be perpendicular to the 
plane, but fall without the figure of contact, the body will 
turn over. If it be not perpendicular to the plane, but yet 
pass through the figure, the body will slide. If it be neither 
perpendicular nor yet pass through the figure, the body 
will begin to both slide and turn over. 



1 2 
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72. When gravity is the only force acting upon the body 
besides the resistances of the plane^ the foregoing proposition 
reduces itself to the assertion that the vertical line through 
the centre of gravity of the body must be perpendicular to 
the plane^ and must not fall withoutside the polygonal figure 
formed by joining the successive points of contact. 
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SECTION II. 

YIBTUAL VELOCITIES. 

73. A large class of Statical Problems may be easily solved 
by the aid of an artifice which is termed the Principle of 
Virtual Velocities. Although it does not strictly belong to 
geometrical Statics^ it deserves to be mentioned on account 
of some of the remarkable results to which it leads us. 

Dbf. Suppose any number of forces to be acting at diffe- 
rent points of a body^ and suppose the body to receive an 
indefinitely small displacement : if now perpendiculars be drawn 
from the new positions of the points of application of the forces 
upon the directions of the forces as they were before the dis- 
placement^ the line intercepted between the foot of any one 
perpendicular and the first position of the point of application 
of the corresponding force is called the virtual velocity of 
that force^ and is estimated as positive or negative according 
as it falls on the side of the point towards which the force 
acts^ or the contrary. 

74. The Principle of Virtual Velocities asserts that if any 
number of external forces acting upon a body or system of 
points^ be in equilibrium^ then the algebraical sum of the 
terms formed by multiplying each force by its virtual velocity 
vanishes : thus if -PiP, .... P^ represent the forces, jo,^2—J^« 
their respective virtual velocities when the body has received 
any given indefinitely small displacement whatever, if PjP,...P 
are in equilibrium with each they must satisfy other the relation 

^1 A + ^. A +••••+ ^. A - ( 1 > 

It is difficult, or perhaps impossible, to give a general proof 
of this assertion, based solely upon the properties of force and 
independent of its particular mode of action ; but its truth has 



118 STATICS. [Art. 76 

been ascertained for almost every conceiyable arrangement or 
method by which forces may act upon a system of points: 
a few only of the simplest cases will be given here in which 
it is verified, and a few examples will be solved by its 
application. 

75. If the supposed displacement be made in such a manner 
that some of the virtual velocities equal zero, i.e. that some 
of the p*s in equation (1) vanish, the same number of terms, 
with their corresponding forces, will disappear from the equa- 
tion: the analytical relation which the remaining forces must 
satisfy will therefore be simplified. In using equation (1) it 
would always be our object to make the displacement so as 
to get rid of the forces whose value we do not care to find : 
theoretically there is no difficulty in doing this, but in practice 
all displacements d6 not afford equal facilities for finding the 
geometrical quantities /?,/?, •••./>,; we are obliged to choose 
those which are most convenient. It is therefore readily seen 
that the Principle of Virtual Velocities is most useful in those 
cases where the simplest displacement at the same time retains 
only those forces which we desire chiefly to consider: such 
happens when some of the forces are supplied by contact with 
smooth surfaces; for if the displacement be made by sliding 
the system along them, the virtual velocities of the reactions 
are evidently nothing, and the forces themselves disappear from 
the above relation. 

76. If PjPj. • • •Pf, be any number of forces acting in the 
same plane at the same point, JR their resultant, p^p^. . . .p^, r 
their respective virtual velocities consequent upon a displace- 
ment of the point made in that plane ; then, generally, 

PlPl + P2P2 +....+ PnPn = ^^' 

First let us consider only the first two forces as P^P^ acting 
upon the point A, and let AB, AC represent them in magni- 
tude and direction ; their resultant M^ will be represented by 
AD the diagonal of the parallelogram described upon AB, 
AC. Suppose -4 to be displaced to a position A' , and join AA'. 
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A A may make acute angles with both AB and AC, or an 
acute angle with one and an obtuse with the other^ or it may 
make obtuse angles with both. In the first of the annexed 
figures it makes acute angles with both^ in the second it makes 
acute angles with A C and AD, but an obtuse angle with A C. 

Kg. 1. 




Draw BB, CC\ DU perpendicular to A A' or A A' produced 
if necessary, and also A'B', A'C'\ A'D" perpendiculars to 
AB, AC, ADy respectively, or if necessary to those produced. 
Draw BK parallel to A A' meeting Diy in K, 

Then, from similar and equal triangles ACC, BDK, 
BK ^AC'^ ED. Hence, in the first figure, 

AB + AC - AD (1). 

in the second,* AB - AC - AD (2). 

♦ BK is drawn incorrectly. 
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Again, because the triangles AAB', AA'C", AA'D" are re- 
Bpecdrely similar to triangles ABB", ACC, ADS', therefore 

AA 

ACr.Ac4^, 
AA 

AD.AD^. 

Hence, hy subsdtution in (I) and (2), we have 

AB.AB' + AC.AC" - AD-ALf', for first figure. 
AB.AB' - AC.AC" - AD.AU', for second figure. 
Now AB, AC &ai AD, are respectively proportional to P„ jP,, 
and B, and AB", AC", Aiy are, by definition of virtual 
velocities, proportioiial to p^, p^, and r,, for they would them- 
selves be the virtual velocities if AA were indefinitely small, 
the Py Yd the second figure being negative from the same 
definition ; therefore the above equations both become 

■PiA + -P.P. - -K/. (8). 

If AA had made an obtuse angle with the directions of two or 
all of the three forces P,, P,, B, it is clear by the geometry of 
the given %ures, that the corresponding diEplacement would 
have been negative, as is the second term of equation (2); but 
the algebraical sign being included in the symbol itself of the 
virtual velocity, when the Bubetitution is made all cases are 
included in the form (3). 

Suppose now Ji, to be the resultant of fl, and P„ r, being 
its virtual velocity ; then, by the form (3), 
.B/, + P,jj, = J?/„ 
or P,;), + P,p, + P,/>, - ^/,. 

By proceeding in this manner we shall arrive at last at the 
result proposed for proof, that 

P,^j + P,Pj + .... + P,jj, '^ Br (4). 

It is to be observed that this equation (4) is in this case equally 
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true whether the quantities p^p^ represent indefinitely 

small or finite displacements. 

77. When the forces P^P^ P. are in equilibrium 

R must vanish, and therefore equation (4), in this case, becomes 

which proves the Principle of Virtual Velocities to be true for 
forces acting in one plane upon the same point. 

78. To prove the equation when the forces P^, P^. ., .P^ 
all act in the same plane but not at the same point of a rigid 
system. 

Suppose A^9 ^,. .. ,A^ to be the points of application of 
these forces, and let 

P,yP^ P,^ aetata,, 

P PA 

■* *i-n •••••• •*/,•••• -«^a» 

P PA 

-* *^.i*i ■* « • ' * • -^m* 

We may conceive the rigidity of the system to be preserved 
by' any kind of mutual reactions of the points -4j, -4,. .. .A^ 
upon each other, for instance they may be connected by rigid rods 
without weight, jointed freely at the particles ; in this case the 
reactions would be in the lines joining the particles pair and 
pair together : and it would seem therefore generally sufficient 
to consider them so to act. ' Let the reaction of any one of the 
points, as A^y upon any other, as A^y be represented by ^Tgy and 
its virtual velocity by Jtq. 

Then, since the point A^ is kept in equilibrium by the forces 
Pj, P^....Pty %T^y 8^i«-««m^is whose virtual velocities are 
respectively p^y />,. . . .J^, , f^^ ,^i. . . ^J^y we get from equation 
of Art. 77, 

P^Pi + P^P^ +•••+ PnPs^ + 2^1 A + s^i »^i +•••+ ^^i Ji - ^-(O- 
Similarly, for equation of A^y 

and so on for each of the other points. And lastly for A^y 
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Now, since the reaction of A^ upon A^ is equal to that of A^ 
upon A^^ we must always have /T^ - ^Tf. Also it can be proved 
that generally the virtual velocity of ^T^ is equal but opposite 
to that of ^T^y therefore Jt^ = - ^^: for let the annexed figure 
represent the relative positions of A^ and A^ ; a^, a, their posi- 

,A^ 




tions after an indefinitely small displacement; a^p^y a^pg per- 
pendicular to the line joining A^g. If A^a^ be parallel to 
Afigy A^p^ must equal AgPgy for a/ig is equal to A^gX and 

^9Pq = r^V ^rPr ^ " qK* thcreforC ftg^- ^,. 

If A^Ag be not parallel to A/igy let them meet in some 
point 0; then, since the displacements are indefinitely small, 
Pfir* Pfiq ^^ "^^^y approximately the arcs of circles described 
about O as centre with radii Oa^ and Oag respectively, therefore 

A^p^ - OA, - Op^ 

- OA, - Oa^y 

and ^qPq = ^^q "" O^y 

= (Ou4, 4- ^,-4^) - (Oa, + a,a;)y 
= O^^ - Oa^, •.• A^Ag « a^«y, 

= APr ; 
therefore, as before, Jtg = - ^^^. 

Hence we arrive at the general result, that 

r^q f*g "^ q*r q*r ^ ^* 

If now we add together the equations (1), (2). . . .(m), we find 
that this makes all the terms involving the mutual reactions to 
disappear, and we obtain 

which asserts the principle of virtual velocities for forces acting 
at different points of a rigid system in the same plane. 
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79. It is worth observing, that since equations (1), (2)...(m) 
always bold, equation (A) will also always be true as long as 
the terms involving the reactions disappear in the addition: 
this will be the case equally when the points A^, A^, .. .A^ are 
rigidly connected, as supposed in the preceding proof, and when 
they are not connected at all, for then certain pairs of jT's cor- 
responding to pairs of unconnected points will each be nothing. 
On the contrary, equation (A) will not be true whenever the 
virtual velocity of the mutual force between any two given 
points is not of the same magnitude and of different sign for 
both those points; for instance, A^ and Ag in the above illustra- 
tion might be two points of an elastic body which in the dis- 
placement are made to approach each other in such a manner 
that A^p^ is of same sign as AgPg, and therefore ^Tg Jig ■\- gT^ jt^ 
does not vanish; and consequently the equation that would 
result from the addition of (1), (2). . . .(i») would contain some 
if not all of the unknown internal tensions. 

It appears then that in order that the equation of virtual 
velocities may hold, the displacement of the system must be 
made in such a way that the geometrical connexions existing 
between the points at which the external forces act, shall 
remain undisturbed. 

80. Conversely, if the equation of virtual velocities holds, 
i. e, if p^p^ + p^p^ +...,+ p^p^ = (1), 

when P^...P^ are all the external forces acting upon a system 
of points, then must the system be in equilibrium. For if not, 
these forces must have either a single resultant, or else two re- 
sultants equal and opposite to each other and forming a couple. 

In the first case, let R be the single resultant. If now it be 
applied to the system in an opposite direction it must neces- 
sarily keep it in equilibrium ; hence if r be its virtual velocity 
when that of the P's is p, 

PlPl + Aft + + PnPn + ^^ - (2), 

by the principle of virtual velocities. 

By equation (I) this becomes Rr = 0, or since r may be 
anything indefinitely small, not necessarily zero, 22 « ; there- 
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fore the given system of forces has no resultant, they are in 
equilibrium. In the second case, let Q, Q be the forces of the 
couple, to which the forces P^^^^P^ are equivalent, acting at the 
extremities of a certain arm ; if forces equal to these be applied 
at the same points but in opposite directions, they will with 
Pj.-.P^ keep equilibrium; hence, if y, q be their virtual 
velocities when those of P are />, we have as before 

^lA + P.P.-^ PnPn -^Qq-^aq'-O (3), 

which by equation (1) becomes 

this must be true for all displacements, but there is only one, 
that is, when the two extremities of Q's arm move parallel 
to each other, which will make g + q' = 0, therefore generally 

Q = 0, 
or there can be no resultant couple. 

If therefore the equation of virtual velocities holds for forces 
acting in one plane, there must in all cases be equilibrium. 

It is easy to verify the principle of virtual velocities in the 
case of the simple mechanical powers. 

81. First, it may be shewn to hold for the wheel and axle 
when the power and weight are in equilibrium. 

The figure represents a section of the wheel and axle 
perpendicular to its axis. The 
external forces acting upon the 
system are P and W acting ver- 
tically downwards at A and B 
respectively, and R the resistance 
of the point C, about which the 
machine turns. 

Let now a small displacement 
be produced by turning the wheel 
and axle through a very small 
angle, d about C, so that A and B 
come into the positions A' and H 
respectively ; draw A'L and B'K 
perpendicular to AP and BW 
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respectively, or, if necessary, to these produced. Then it is 
evident that the force It has received no virtual velocity, while 
those of P and W are AL and - BK respectively. 
Since 6 is very small. 



therefore 



AL = AA'] 

BK = BB'J ^^^^ approximately ; 

P.AL - W.BK = P. A A' - WBB', 

^p.Aae- w.Bae, 

^(P.AC- W.BC)e, 

= 



(1); 



i 



because when there is equilibrium between P and Q on the 
wheel and axle, 

P.AC^ w.Ba 

82. It holds for the single moveable pulley with the chords 
parallel when the power and weight are in equilibrium. 

Let O be the centre of the moveable pulley, to which the 
weight W may be supposed to be at- 
tached, C the centre of the fixed pulley, 
A the point in its circumference where 
the string by which P is applied ceases 
to touch. 

W applied at 0, P at -4, the strain 
at B the first extremity of the string, and 
the resistance of the pivot C are all the 
external forces which act upon the system, 
for the tensions at different points of the 
string, and the pressures between it and 
the pulley, are manifestly mutual and 
internal forces. Suppose now an in- 
definitely small displacement to be made, 
such that A revolves about C through a very small angle 
into the position A'y and that O comes to O ; from A' draw 
A!K perpendicular to AP; the forces at B and C have thus 
received no virtual velocity, while that of P is AK and that 

of PT is - oa. 




Yw 
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Since is very small, AK » A A nearly, 

= CA.9. 

Ako the string wound off the pulley O clearly is the same 
as that wound off C - CAS, and as this produces a shortening 
in both strings of O, and 00' most be equal to the shortening 
of either, therefore OO » \CAS. Hence we find for the sum 
of the products of the Tirtual velocities into their forces, 

P.AK- W.Oa « P.CA.9 - w. — .e, 

2 ' 



( 



= p- 



w 



2 ) 



\ CA.9, 



0; 



w 

because when there is equilibrium Pa — . 

In a similar way it may be proved to be true for any of the 
systems of pullies which have their strings parallel. 

83. If the strings be not parallel, let them meet the di- 
rection of W in jB, and after displacement let E' be the 




position of jK; draw E'L perpendicular to EM, then OO^E'E 

approximately 

EL 

" cos OEL ' 
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but EL a \AK because it is half the shortening of the string ; 
therefore 

AK 



00 



and 



P.AK'W.0O ^\P- 



= 0, 



2 cos OEL ' 
W 



2 cos OEL 



^AE, 



because when there is equilibrium 

TV =^2 cos OEL.P. 

84. It holds for the inclined Plane. 

Suppose the particle A to be kept in equilibrium upon the 
plane by a force P inclined at an angle to the plane. The 




Yw 



external forces acting upon A are P, TV, and jB the reaction 
of the plane; let the small displacement be made by sliding 
A along the plane into a neighbouring position A' ; draw A'K, 
A'L perpendicular to AW and AP; then R has received no 
virtual velocity, and that of P is - AL, that of TFis AK. 

Now AK^ A A' sin a, wher^ a is the inclination of the plane 

to the horizon, and 

AL = AA' cos 0, 

therefore W.AK - P.AL = ( PTsin a - P cos 0) AA', 

-0, 

because when there is equilibrium, TFsin a s P cos 0. 
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86. It holds far the Screw. 

The external forces acting upon the screw are P acting 
perpendicular to the arm AB at extremity Ay W acting in 




e 




the axis of the screw at C suppose, and the resistances at the 
different points of the thread normal to the thread. 

Let an indefinitely small displacement be made by causing 
the screw to revolve through a very small angle 0, and let 
A come into the position -4', and (7 to C" ; draw A'K perpen- 
dicular to AP. It is evident that the resistances at the dif- 
ferent points of the thread have received no virtual velocities, 
while that of PT is ^ CC, and that of P is AK. 



Now 



9 



2ir 



and CC 

therefore 
P.AK-W.CC 



AK = AA* nearly, 
- ABA, 
X distance between two threads ; 



'^[p. 



AB'TV 



distance between two threads! 



2ir 



•) 



«, 



0, 
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because when there is equilibrium^ 

distance between threads 



Pr=W 



2TrAB 



86. It holds for a Lever of any form tmth forces parallel. 
Let ACy BC be the arms making angles a and j3 re- 





J. i 




X^ 



yp 



Y w 



spectively with the directions of the power and weight. 

The external forces acting upon the system are P, TV at 
A and B, and the resistance of the fulcrum at (7. 

Let the displacement be made by turning the lever through 
a very small angle 6 about C, so that A comes to A' and B 
to B" ; draw A'K, BL perpendicular to AP and B W re- 
spectively. iZ has received no displacement^ that of P is AK, 
and that of Wis- LB. 

■^^^ AK = A A' cos A'AK approximately, 

= (7^.0.sina, 

similarly BL « £C7.0.sin /3 1 

therefore P.AK - W.BL - (P.^ Csin a - W.BCAti j3) 0, 

= 0, 

, , . . .,., . P BC sin B 

because when there is equilibrium, ■=== = .^ . ^ . 

^ W AG^na 

The same may be proved when the power and weight are 

not parallel. 

K 
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87. In all the preceding cases, the principle of Tirtual 
velocities has been proved to hold when equilibrium exists 
between the power and weight acting upon the machine ; that 
is, if p and to represent the acttuU indefinitely small spaces 
unaffected by sign described by the power and weight re- 
spectively, in consequence of the indefinitely small displace- 
ment of the system, then 

P/>« Wto (1). 

In the Wheel and Axle, the PuUies with parallel strings, 
the Inclined Plane, the Screw, and the Lever with straight 
arms and parallel forces, the power and weight when once in 
equilibrium are in equilibrium for all positions of the machine, 
they will therefore be in equilibrium in the displaced position : 
if therefore we suppose the machine to receive a still farther 
indefinitely small displacement, w^ and p^ being the spaces 
described by TFand P respectively, we must have as before 

Pp.^Ww, (2); 

and if we suppose this to be repeated n times, we get 

Pp.-Ww, ...(3), 

&C. B &C. 

-Pa-. --Fto^-i (»); 

and hence by addition 

Now these successive displacements may be repeated often 
enough to make P altogether describe a finite space Sp, while 
fV describes a finite space S„, i.e. 

P +/>!+. ...+ /?,., '-Spy 

and therefore PS, = WSp. 

From this we learn that in these machines if a power P be 
employed to raise a weight W through any space, then the 
prodt4ct of the power into the space it describes, is equal to the 



—87.] 



VIRTUAL VBLOCITIBS. 



131 



product of the toeight into the space it describes, ThuB, if a man 
raise a backet from a well by the aid of an ordinary wheel and 
axle^ the force which he applies by his hand to the handle 
of the wheel multiplied by the space which his hand describes 
in turning the wheels is equal to the weight of the bucket 
multiplied by the space through which it has ascended in the 
same time; the work will be made easier by increasing the 
size of the wheel, but the distance to be described by the hand 
will be thereby increased in the same proportion. 

If the force be always supposed to describe the same space 
in the same time, it will be easily seen that '^what is gained 
in power in any of the above machines is lost in time :" this 
is sometimes stated as a mechanical principle* 



Examples to Section II, 

(1). AB, BC are two heavy beams jointed together at -B, 
and attached by a hinge at ^ to a vertical smooth wall, against 




which BC rests at C, 



yfw 



A string is also fastened at C> passes 

k2 
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over a pulley in the wall vertically above C> and carries a 
weight Q at its farther extremity. Find the position of equi- 
librium of the beams. 

The whole system is in equilibrium under the action of the 
following forces : 

The reaction of the wall^ and Q, at (7. 
The weight W\ of BC acting at its middle point Cr,. 
The reactions of the beams upon one another at B. 
The weight W^ of AB acting at its middle point Cr,. 
And the action of the hinge at A. 

If we give an indefinitely small displacement to the whole 
system by sliding C along the wall, the only forces of these 
which will receive a virtual velocity will be TV^, H^, and Q. 

Let BAC^e, BCA = 0, AB ^ 2o, 5C= 2 J, and let the 
distances of O^, O^, and C from a horizontal line through A- -. 
be HG^'^h^,^ HO^^^h^y AC - k. When the system is dis- 
placed, let the altered values of 0, 0, A^ h^ k he + Sd, 
+ 8^, Aj + 8A,, A, + 8A,, k + Sk respectively, then 8A,, SA,, Sk 
are evidently the virtual velocities of W^^ TF^, and Q re- 
spectively ; and we have by the principle of virtual velocities, 

W,Sh, + WJSh, - QSA = (1), \ 

the last term being negative, for Sk being considered positive 
must fall in direction of QC produced. 
Now 



Aj - a cos 6, A, » 2a cos + & cos 0, k^ 2a cos + 2ft cos 0, 

/. A, + 8Aj « o cos(0 + 86), A, + 8A, = 2a cos(0 + 80) + ft cos (0 + 8^), 

A + 8A » 2a cos(0 + 80) + 2ft cos (0 + 8^); 
hence, since 80 is very small, 

8Aj = -asin080, 
8A, = - (2a sin 080 + ft sin 08^), 
8A « - (2a sin 080 + 2ft sin 08^). 
Substituting in equation (1), this gives us 
a(TF; + 2Tr, - 2Q)8in080 + b(lV^ - 2Q) sin 080 - 0...(2). 



\ 






i 
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But by reference to the figure, we observe that 

a sin = i sin .(3), 

and therefore a 8in(0 + S0) = i sin (0 + i^\ 
which gives us by subtraction 

a cos 0S0 B i cos 0S0 : 
hence substituting in (2)^ 

(Tr, + 2Pr,- 2Q) Jcos0 + (TT,- 2Q)acosfl= 0, 
or (TT,- 2Q)acose = -(Jr, + 2TF, - 2Q)6cos0....(4); 

therefore multiplying (8) by (TV^-\- 2W^ - 2Q), and squaring 
(3) and (4)^ and adding^ we have 

a'{(TF;+2W;-2Q)»8in'» + (Tr,-2Q)'cos»0}=i'(W^,+ 2Tr,-2Q/, 

therefore tan'g ^C^.^ 2^.- ^Q)'- a-( PF,- 2Q)' 
theretore tan ei - —-———,-——— 

This may be slightly simplified by taking TFJ and JV^ as 
proportional to a and b. 

(2). A beam ^£ has its two extremities resting within a 
smooth circular hoop whose plane is vertical, find the position 
of equilibrium. 

Let C be the centre of the hoop; a the angle which the 
beam subtends at C; the inclination of CB to the horizontal 




diameter through C; BMy AK perpendicular to this diameter. 
The external forces acting upon AB are the normal re- 
sistances of the hoop at A and By and its own weight W 
at Q. 
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Let a displacement be given to the system by sliding A 
and B along the curve into new positions JlB^ so that 9 
is diminished by the indefinitely small quantity Wj and O 
comes into the position O*. 

It is clear that W only of the above forces has thus received 
a virtual velocity; if A be the original distance of O below 
KCM, and h' that of O', this virtual velocity => k' - h, and 
therefore, by virtual velocities, we must have 

fV(h' - A) - 0, 
or A'-A = (I). 

T^ AK-h h' BM 
^"" -^O BG^^ 

, AK.BG + MB. AG 

" ^ AB ' 

r sin (a + 0\b + r sin 0.a .j, . ^ .^ „^ , 

= ^^ ^—^ , if ^c/= r, AG a a, BG = o, 

a •¥ 

«=» J {b sin (a + 0) + a sin 0} ; 

similarly, h' = -^ [b sin {(a + 0; - 80} + a sin (6 - 80)], 

therefore h - h = ^ {- b cos (a + 0).80 - a cos 0.80}, 

= from(l); 
therefore since 80 is not zero, 

b cos (a + 0) + a cos = 0, 

r. a -f 3 cos a 
tan0= -^— : , 

6 sin a 
which gives the value of required. 

(8). A heavy beam AB rests with its extremities upon two 
smooth planes CA, CB inclined at angles /3 and a to the 
horizon, find its inclination to the horizon. 
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Let it equal 0; and suppose the beam to receive an inde- 




finitely small displacement by sliding its ends A and B along 
the planes into the positions A' and B, its new inclination 
will be + 80, where SO is indefinitely small. 

The external forces acting upon the beam are the resistances 
22 and ^ at ^ and B normal to the plane?, and the weight 
W acting at O the centre of gravity of the beam : by the above 
displacement W alone has received any virtual velocity for 
A and B, both have moved in a line perpendicular to the 
direction of the forces applied to them. 

To find the displacement of G^ in a vertical direction; let 
H be the point where the direction of W meets the horizontal 
line through C, H' the new position of H, corresponding to 
O' the new position of O; then OH- O'H' is the virtual 
velocity of TT, and we must have by the principle of virtual 
velocities, 

W{QH- GH')^0, 

or GH- GH'^0 (1). 

Now GH« AG sine + ACsm(i (2), 

and from triangle ABC, 

AC sin ABC sinfa-O) , 
AB " mACB " sin(a + jS) * 
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General Examples. 



(1). If three forces represented in magnitude and direction 




by three lines OA, OB, OC, keep the body O at rest, then 
O will be in the centre of gravity of the triangle formed by 
joining the extremities of the lines. 

The annexed figure represents the system. Complete the 
parallelogram AOCL, and draw the diagonal OL; it neces- 
sarily bisects AC the other diagonal in some point JT. 

Now OL represents the resultant of the two forces repre- 
sented by OAy OC; it must therefore be in the same straight 
line with BO; hence we see that BO produced bisects AC. 

Similarly AO produced bisects BC. 

Therefore O, the intersection of these two lines, is the 
centre of gravity of the triangle ABC. 

(2). Two rods without weight are jointed together at one 
extremity, the others are connected by a string of given length; 
if this triangle be placed upon a horizontal smooth plane, and 
a given weight be hung to the vertex, find the tension of the 
string. 



1S8 



Let AB, AChe tlie rods jointed at A, BCihe string. The 
finroes exerted upon the points A, B, and C hj the rods and 




the string must be in the direction of their respectiye lengths^ 
because the joints at A, B, and (7, are perfectly free. (Art 9, 7.) 
We may therefore conceive the rods remored^ and their 
effect in keeping equilibrium supplied by forces acting in the 
direction of their lengths^ observing that each rod or string 
exerts the same force at each of its extremities. On this 
supposition ^ is in equilibrium under the action of the 
force W acting vertically downwards, the tension T of the 



V 



\ 






\ 



\ 



A 



\ 



. 



/ 






\ 



rod AB in direction of BA produced, and tension T of 
^C in direction of CA produced. 
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We have therefore 

mnWAC cosC . . 

sinBAC ° ^ii^ •^-'^ 

T^ sin TA W _ cosB 

W^ ^mTAT " AnA ^ ^' 

Again, C is kept in equilibrium by T' the tension of the 
rod ACy T" the tension of cord BC^ and R acting vertically 
upwards the reaction of the smooth horizontal plane. Hence 

mil 

-=7= singer' =cosC (3), 

Yi =8in T'CT = sin(7. (4). 

Similarly, if B! be the reaction of the plane at By we get 
for equilibrium of JB, 

rpii 
■y-'COS^ (5), 

f = BillS (6). 

Equations (1), (2), (3), (4), (5), (6), are only Jive independent 
equations, because (5) may be obtained from (1), (2), and (3). 
They determine T, I", T", R and K. 

Multiplying (3) with (2), we have 

T^ cos B cos C 
fr" sin-4 ' 

which gives the tension required, for Ay B, and C are known 
when the lengths of the rods and string are known. 
It is worth observing, that since from (2) and (4) 

-R _ coqB sinC 
W^ EinA ' 

nn /,N J i'y.N R^ sinJBcosC 
and from (1) and (6), == = — ; — - — , 

fV sin -A 
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therefore 



R^R sin(B + C) 



fV 



sin^ 



= 1; 



therefore the sum of the normal resistances of the plane is equal 
to the weight fV, as might have been foreseen. 

R^ tanC 
ir'^tan^' 



Also 



(3). It is required to cut from a rectangular board an isos* 
celes triangle, having its base coincident with a side of the 
rectangle and such that the remaining portion has its centre 
of gravity at the vertex of the triangle. 

Let ABCD be the rectangle, KL a line parallel to AC 
bisecting AB and CD. 

O the vertex of the required 
triangle COD, it is manifestly 
in KL. 

H the middle point of KL 
is the centre of gravity of the 
whole rectangle; let O be the 
centre of gravity of COD, and 
O by hypothesis the centre of 
gravity of the portion CABD. 

Then the weight of the 
whole rectangle acting at H is equivalent to the weight of COD 
acting at Cr, together with the weight of CABD at O ; therefore 

HG : HO :: weight of CABD : weight of COD, 

: : rectangle AD - triangle COD : triangle COD, 
iiKL'lOLilOL; 

therefore OG : HO :: KL : JOi, 

lOL : OL - IKL :: KL : \0L, 

which gives the value of OL. 

(4) A pack of cards is laid on a table; each projects in the 
direction of the length of the pack beyond the one below it; 
if each projects as far as possible, prove that the distances 
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between the extremities of the successive cards will form an 
harmonic progression. 

Let a,Jj be the farthest card, a,ij its next lower neighbour, 
ajl)^ its next, and so on ; Ofi^... the middle points of each, and 



A 



>!* 



f 



• ^ W 

»w 

let w be the weight of each card, 2l its length. Since afi^ 
projects as far as possible, its centre of gravity must be just 
supported by the extreme end of a^Jj, therefore 

*A = '... (1). 

Also, since a,i, projects as far as possible, the resultant of its 
own weight w at 0, and the pressure of the upper card equal w 
at &,, Ik ^. a force 2w must pass through b^ ; therefore 

KK-lo.h-li (2). 

« 

Again,' considering the card aj)^^ its weight V) at 0, together 
with 2tJ0 the weights of the upper cards acting at £,, must have 
their resultant ^w passing through b^ ; therefore 

or *8*4 = J*808> 

-\l (3). 

In a similar way it could be shewn that 

*. A - \ i> 

therefore the distances which each successive card projects over 
its neighbour are 

n 

as the reciprocals of these are in arithmetic, they must them- 
selves be in harmonic progression. 

(6). On a lever of uniform density, every inch weighing to 
oz. a weight of TFoz. is suspended at a given distance from the 
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fulcrum, which is placed at one extremity, what must be the 
length of the lever, so that the whole may be supported by the 
least possible power acting in an opposite direction at the other 
extremity ? 

Let AB be the lever whose length 2x is required, A the 
fulcrum, D the given point where W is hung, C the middle 



A» 



A» 



\ 



-w 



I aacw 



point of the lever, and therefore the point where its weight 
2xw acts, AD = a, AC^ z, Fthe force acting upwards at B. 
The lever AB is kept in equilibrium by F acting upwards at J5, 
2zto and W acting downwards at C and D respectively, and the 
resistance of the hinge at A. Hence the resultant of the first 
three forces must pass through the hinge A, therefore 

AD.W+ Aa2xw - AB.F^ 0, 

or aJr+ 2a^W'' 2a;.JP»0 (1). 

Equation (1) gives a relation between x and F: this may be put 
into a more convenient form, in order to discover the value of x 
corresponding to the least possible value of F, for 



, F aW 

X X ^ j 

w 2fo 



adding — ; to both sides of the equation, and extracting the root. 



we have 



X - 



F V(-P* - 2aw TV) 



2w 



2to 



From this it is easy to see that F cannot be less than V(2aio fV); 

P 

the value of x corresponding to the least value of JP is — . 

2to 
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(6). Five pieces of an uniform chain are hung at equidistant 
points along a rigid rod without weight, and their lower ends 
are in a straight line passing through one end of the rod : find 
the centre of gravity of the system. 

Let AB be the rod ; F, E, D, C, B the points at which the 
chains are hung, distant from each other by the same length b. 




F, E\ &c. the lower extremities of the chains. Since the 

lower end of each chain lies in the same straight line through 

Ay its length must be proportionate to its distance from B. 

Hence, if 

BB^l, 

AC 



then 



CC 



AB''' 



Diy^t^ly 



AB 



&c. 



If to be the weight of a unit's length of the chain, then the 
weight of 

BB - tOly 
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Now since the chains are perfectly flexible^ they must always 
hang vertical, and their weights may be supposed to be applied 
at the points where they are attached, t . 6. at JP, Ey Z>, C, B. 




^•M»)^-^) 



Hence if O be the centre of gravity of the system, it must lie in 
AB, and we must have 



A0= 



wlAB-^(fo'^l\AC^^ 



AD 



AE 



u. j^i)aD,{u>^1 
3FT AJD, AE , AF , 



l\AE^i 



w^i\AF 



AB I 



or AO 



AB AB AB 

AB" + AC + Aiy + AE' + AF' 



AB 



AB + AC-¥ AD + AE+ AF 

If we put AB a a, this becomes 

a* + (a - iy + (a -2i/ + (a-3iy + (a - 4*/ 
^^ 5a-l0b ' 

a' - 4ai + 6b' 
a - 26 

If BB, CC\ &c. had been parallel rods rigidly attached to AB^ 
it is manifest that the middle point of each would have been in 
the line ^f joining A and the middle point K of BB^ a line 
fixed with reference to AB and the rods. 

In this case the weights of the rods necessarily acting at 
their middle points would not have their directions passing 
through the points of attachment, except when AB was so 
placed that the rods were vertical. Our supposition, therefore, 
of their acting at BCDEF would not always be true ; but now 
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the middle points themselves occupy fixed positions in the line 
AKy hence the centre of gravity of the system lies in this line, 
and may be found as before when it lay in the line AB. 

(7). Let ABC be any triangle, A'BC the simultaneous 
positions of three equal particles moving along AB^ BC, CA, 
respectively, with such uniform velocities that A' describes AB, 

A 




B B' a D C 

ff describes BC, and C describes CA, in the same time, their 
starting points being A, B, and C, respectively. The centre 
of gravity of ASC remains fixed. 

Complete the triangle ABC and draw CD parallel to AB^ 
Aa bisecting -BC, AN bisecting BIC and cutting Aa in 0; 
join aNi because DC is parallel to BA^ 

.. DC\BC\\ CC : CA, 

I'.BBiBC, 

:. DC^BB, 

and a bisects B'D ; therefore aN is parallel to DC and therefore 
to BA. Hence the triangles AOAy aON are similar, and 

AO: Oa::AO: ONiiAAiaN. (1). 

Now aJV= J DC", and 

DC :AB::DC:BC, 

BB : BC, 
AA : AB, 
:. DC « AA, 
/. aN'-iAA. 
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Therefore, from (I), aO - J ^O, and i^O « J A'Oy 

therefore O is the centre of gravity of both A'BC and ABC, 

a constant point, q. e. d. 

For the following very neat proof of this proposition I am 
indebted to a friend. 

If the particle A' be divided into two parts having to each 
other the ratio that AA' has to BB, and the first be placed 
at B, the second at A, the centre of gravity of the two parts 
will still remain at A'. 

If the same thing be done with the particles B and C, the 
centres of gravity of each pair of parts will be at B and C 
respectively, as before, and therefore the centre of gravity of 
the new system is the same as it would have been had the 
particles remained undivided at A', B, and C\ But it is 
evident that this arrangement leaves a mass equal to each 
particle at the points A, B, and (7, as at first. Hence the 
centre of gravity of the whole system must always remain 
undisturbed. 

(8). An inextensible string binds together two smooth 
cylinders, whose radii are given ; find the ratio of the pressure 
between the cylinders to the tension of the string. 

The only forces which act upon either of the cylinders 
are the tension of the string passing round it, and the pres- 
sure of the other cylinder at the point of contact. Since 
the cylinders are smooth the tension of the string will be 
uniform throughout its length; let it equal T, and let the 
mutual reaction of the spheres be represented by B. 

The annexed figure shews the section of the two cylinders 
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by a plane through the cord, perpendicular to the axes of 
the cylinders; OjO, are the centres of the circular secticms 
of the cylinders, P,Qi are the points in circumference of the 
first where the contact of the string ceases, P2Q2 similar points 
in the second. It is clear that, after the equilibrium is estab- 
lished, no disturbance will be produced by nailing or in any 
way fixing the cord to the smaller cylinder at the points PjQj, 
which consideration shews that the tension of the cords may 
be supposed to be applied immediately at those points in direc- 
tion making right angles with the radius. The cylinder O2 
is kept at rest by these two forces and the reaction It of 
the other sphere which acts in the line joining OjO, ; the 
directions of these three forces therefore meet in a point JP 
upon 0^0^ produced, and if JSTbe supposed rigidly connected 
with the sphere, the forces themselves may be considered to 
act there. Art. (16). 

Hence, we have 

E sin P,KCl^ 

T " sin TKB 

sinPjjra 

sm — ' ? 

2 

But drawing OJN' parallel to PjPj, and c^ling the radii 
of the cylinders rj and r, respectively, 

sin O.O^N = ^^L^« = sin -»^^ ; 

therefore ^ = cos — ^ ^ , 

^ + r^ '2 

and sin P^iTQ, = li^^!^^ 

therefore | = i^^^. 

(9). A smooth cylinder is supported upon an inclined 
plain with its axis horizontal, by means of a string passing 
over the upper surface of the cylinder, which has one end 

l2 
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attached to a fixed point and the other to a weight fV, 
which hangs freely. 

If a be the inclination of the plane to the horizon, and 
the inclination of the string to the vertical^ the weight of 
the cylinder is 

= 2W 




sm a 

The annexed figure represents the system. K is the point 
at which the string is fixed, AB 
the portion of the cylinder with 
which it is in contact. Since the 
cylinder is perfectly smooth, the 
tension of the string is the same 
throughout its length = W. It 
is manifest that equilibrium will 
be in no way effected if we sup- e' 
pose the string to be nailed or ^ 
otherwise fastened to the sphere 
at A and B: but in this case 
these points would become the 
points of application of the ten- 
sions TV of the string. 

Hence we may conceive the 
cylinder to be in equilibrium un- 
der the action of the following 
forces, 

W acting at A along AK making angle with vertical, 

W B 5 JF vertical, 

W the weight of sphere acting at the centre. 

It the reaction of plan at C, also passing through O. 

The first two may be conceived to act at the point M 
where their directions meet. Art. (15); and their resultant 
acting at this point must be equal and opposite to the re- 
sultant of It and W at O, call it M' ; its direction OM 
clearly bisects the angle A OB, which equals 6; also BOD = 
CO W = a. 
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Now because U' is the resultant of W and R at 0, we 

must have 

W: R :: sin ROR' : sin ROW 

:: sin ROM : sin ROD 

:: cos{BOM+ DOR) : sin^OA 

TV : J? : : cos f - + a j : sin a (1). 

Again^ because R^ is the resultant of W and W at M, 
R': TV:: sin KMW: sin R'ME 
:: sin AOB : sin -4itf0 

e 



I.e. 



: : sin : cos 



therefore^ compounding (1) and (2)^ 

W* : JF" : : 2 sin - cos 

2 



(2); 



or 



Tr'^2W 



. 6 

sm - cos 
2 



f - + a j : sin a, 

a-) 



sm a 



(10). A cone of given weight W is placed with its base 
on a smooth inclined plane and supported by a weight TV* 
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which hangs by a string fastened to the cone and passing 
over a pulley in the inclined plane at the same height as the 
vertex. Find the angle of the cone vrhdn the ratio of the 
weights is such that a small increase of W would cause the 
cone to turn about the highest point of the base as well as slide. 

Let BCD be the plane inclined at an angle a to the 
horizon^ ABC the cone^ G its centre of gravity. 

Let the horizontal direction of W applied at A, and the 
vertical direction of fF, at O, me^t in F; then the resultant 
of W and TV' must pass through F: since for the equilibrium 
of the cone this must be counteracted by the reaction of the 
smooth plane^ it is sufficient that its direction be perpen- 
dicular to the plane^ and meet it in some point between B 
and C. Art. (32> 

But by the question the slightest addition to TV' would 
make the cone both slide and turn about C, that is, make 
the resultant of TV and TV' oblique to the plane^ and meet it 
beyond the point C; therefore its direction must now be a 
normal to the plane at C, or FC must be at right angles to 
BCD. 

Let AOK be the axis of the cone, KAC ^ fl. 

AF 1 



^Ik^lX 




KC 


cos a 






KC 
AK^ 


tan0. 






AG 


1 






AF 


sma 


multiplying 


these 


together. 








AG 


tan(? 

; — 



AK sin a cos a ' 
But because G is the centre of gravity of the cone, 

AG=^IAK, 
therefore tan 6 = | sin a cos a 

>= § sin 2ci. 
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(11). Two uniform heavy beams are rigidly fixed together 
in such a manner as to form the two sides of a right- 
angled triangle: the system rests in a vertical hoop with all 
the angles in contact with the rim; shew that the inclination 
of the beams to the horizon is independent of their length. 

Let O be the centre of the hoop AC^ CB the beams 
making with each other a right angle at C. Draw OG^, OO^ 
perpendicular to JJC, AC respectively; then O^O^ are the 




middle points oi BC and AC^ and therefore the points where 
their weights TFJ, W^ act : the centre of gravity of the whole 
system will consequently be a point K in the line joining 
G^j and (7, such that 

G,K: G,K:: W,: W^ (1). 

Now the beams are in equilibrium under the action of the 
resistances of the hoop at A^ By aad C> and their own weight 
W^ + W^ acting vertically downwards at K. 

But the directions of each of the three resistances is nor- 
mal to the hoop, and th^efore passes through ; therefore the 
direction of W^ ^ W^ must also pass through O; in other words^ 
the vertical line through must cut fr^^G^ in K. 
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Draw HOH' horizontal, and call HOO., 0; then 



OO^ sinjr 



G,K Bin KOG, 
OO^ BinK 



a^K sinJBTOG,' 
therefore OG, G^^sJ^KOG, 

and from the above, 

G^ W^ BC^ 

G.K" W^^ AC' 

because the beams are uniform ; and 

OG^^IAC AC 
OG^ \BC^ BC' 

therefore, by substitution in (2), we find 

1 =cotO; 

therefore 6 « 45% 

which is independent of the length of the beams. 

(12). A square is placed with its plane vertical between two 
smooth pegs which are in the same horizontal line ; shew that 
it will be in equilibrium when the inclination of one of its 

edges to the horizon 

1 . 1 a' - c» 

= - sm 5 — , 

2a being the side of the square, and c the distance between the 
pegs. 

Interpret the result when a » c. 

Let A and B be the two pegs, AB is by question horizontal. 

Let Obe centre, and therefore centre of gravity of the square. 

The square is in equilibrium under the action of the re- 
sistances of the pegs A and B normal to its sides, and its own 
weight, W acting vertically downwards at O. 

The resistances meet at right angles in some point O', hence 
Wy which counteracts th^r resultant, must also pass through O', 
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or in other words, 00' must be vertical and therefore perpen- 
dicular to AB; let it meet AB in K. 




tw 



Draw OM* perpendicular to ^O', produced, and therefore 

parallel to the side AL of the square. 

The triangle O'MO is a right-angled triangle similar to 

ALB, therefore 

aMAL 

OM BL' 

Put LAB s 9, so that AL = c cos 9, BL == c sin0; then by 

substitution, 

a - c sin fl ^ cos 

a- c cos sin ' 

therefore a (sinfl - cos 9) = c (sin* 9 - cos'fl), 

or {a- c (siaO + cos9)} (sin© - cos 0) « 0* 

Taking the second factor, we get 

Un0» 1; 

hence there will always be equilibrium when both sides are 
equally inclined to the horizon. 



* This construction has been erroneously omitted in the figure. 
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Taking the first factor we get, by squaring. 



or 



therefore 



(" 



sin + cos 



H- 



1 + 2 sin 9 COS 9 « -^ ; 

c 



a" 



sin 29 = -z - 1, 



9 e - sm ' — s — 



(13). A cylinder whose height is 2a stands with the centre 
of its base upon the top of a rough sphere whose radius is r; 
after being rolled with its base in contact with the sphere through 
an angle 9, it is left to itself and is observed to roll back to its 
first position ; what is the greatest value of which 9 is capable ? 

The annexed figure represents a vertical section of the cylin- 
der and sphere through the axis of the 
former: A is the original point of contact, 
C the centre of gravity of the cylinder 
vertical above it, AC^ a ; O is centre of 
sphere, AO '^ r. 

Let B be the new point of contact, 
A' C the new positions of A and C, 
when the cylinder has rolled upon the 
sphere through the angle 9, therefore 
AOB - 0; let also the direction of the 
weight TV ^t C meet the base A*B in JT. 

Since the sphere and cylinder are 
both supposed to be quite rough, and 
the only forces acting upon the cylinder are the reaction of 
the sphere at B and the weight fV at C, motion can only 
commence by fV making the cylinder roll about B, ba it B 
were fixed; and it is clear that this rolling will take place 
towards or from A, according as K lies to the right or left 
of -B, i.e. according as A'K is less or greater than A'B, or 
according as A'K is less or greater than AB. 
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Now ^'JT-^'C'tand 

« a tan 0, 
and AB « rfl. 

Therefore the cylinder will roll towards A or from A accord- 
ing as 

a tan 6 is less or greater than rO. 

Hence, in the question, the greatest value of is given by 

the equation 

a tan » rO. 

If actually had the value given by this equation, the 
direction of fV would pass through B, and there would be 
equilibrium : the equilibrium in this position would manifestly 
be unstable, because for every other value of $, whether 
greater or less, the cylinder would by the preceding reason- 
ing roll away. 

(14). 'A smooth body in the form of a sphere is divided into 
hemispheres and placed with the plane of division vertical upon 
a smooth horizontal plane; a string loaded at its extremities 
with two equal weights hangs upon the sphere passing over 
its highest point and cutting the plane of division at right 
angles : find the least weight which will preserve equilibrium. 

Let ABCD be the sphere, HBK the plane on which it 




f ®"W 



rests, O its centre, AOB the line in which the plane of division 
meets that of the paper. Consider the equilibrium of the 



156 STATICS. 

hemisphere AC BO alone. Since the string AC rests in con- 
tact with the 3 sphere^ the conditions of equilibrium will not 
be at all altered by supposing it glued to it; but in this case 
it is clear that the \ sphere is kept in equilibrium by the action 
of its own weight W acting vertically at O its centre of gravity, 

horizontal tension of string dX A=^ W^ 

vertical tension of the string at C = fF, 

. • • vertical reaction of plane at B^ 

and horizontal reaction of other \ sphere somewhere in AB. 

Since the two last can be exerted to any required amount 
there will be always equilibrium maintained if the resultant 
of the three first meet the vertical line somewhere between 
A and B. 

Now as ^ is diminished^ the direction of this resultant 
will evidently be inclined towards the vertical force ^+ W 
away from the horizontal Wy i.e, will be depressed towards B, 
and fV will be least possible consistent with equilibrium when 
it passes through B: but then the sum of the moments of 
these three forces must vanish about B (Art. 28), or 

OGx W -v OCx fV-^BAx fV^O; 

therefore calling the radius of sphere a, since OG ^^a, 

(15). A heavy uniform beam has one extremity in a smooth 
spherical bowl, the other projects over the edge; the bowl is 
placed upon a smooth horizontal plane : required the position 
of equilibrium of the system. 

Let the figure represent the beam and bowl in equilibrium, 

^C the beam, 

the centre of the bowl, 

KADB the bowl, D the point of contact with the hori- 
zontal plane. 

Then the beam is held in equilibrium by the forces 

Bl the reaction at A in direction AO, 

jR B perpendicular to ABC, 

W the weight of beam at O vertically downwards. 
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Now JR and JR' meet at E in the circumference KDB pro- 




duced^ hence W must also pass through jB, or EG must be 
vertical and therefore parallel to OPD; 

therefore PG : AG : : AE : AO, orit AC = 2b and AO = o, 

PG : AG :: I : 2y 

PG^lb (1). 

Now let & be centre of gravity of the bowl, and Q the point 
where the vertical through G' meets ABC; also let 

OG' ^ c, BOG' = 9 OAB = ^ = OAB, 



therefore QP 



^^, sin &0P 
OG . ^pp =c 
sin OPB 



sind 



(2). 



COS (0 - tf) ' 

The whole system of the bowl and beam together is kept 
in equilibrium by the weight w of bowl at G\ the weight W 
of beam at G^ and the reaction of horizontal plane at D ; there- 
fore the resultant of the first two must pass through P vertically, 

or we must have 

W.GP^w.QP, 
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I.e. 



nrb c sin 6 
fr — e= to X- 

2 cos (0 - 0) 



(3), 



also 



b ^ An AEG AajOPB^ OAB) 
2a " sin BOB " sin OPB 



(cos 20 - 0) 
cos (0-0) 



(4). 



Equations (3) and (4) will determine and 0, and therefore 
the positions of equilibrium. 

(16). One end of a string is fixed to the extremity of a 
smooth uniform rod, and the other to a ring through which 
the rod passes, the string is then hung over a smooth peg. 
Determine the least length of string for which equilibrium is 
possible, and shew that the inclination of the rod to the vertical 
cannot be less than 45^ 

Let AB be the rod suspended by the string ACK, which 
passes over the smooth peg C. 

The rod is kept in equilibrium 
by three forces, the tension of the 
string at A, the tension of the string 
at Kf and the weight of itself at O : 
the first two are equal and their 
directions meet in C, therefore the 
direction of the third, «.«. the ver- 
tical line through O, must pass 
through C and bisect the angle 
ACK: put GCK'^ 0; CKG is a 
right angle because there is no 
friction between the ring K and the rod. 

Then from triangle CGAy 




sm u \sin 9 



2sin0y 



From this we see that increases, and therefore CGB 
diminishes as CG diminishes, and the least value of CG is 
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1 w 

evidently when sin 6 = -7- or 6 =» - , therefore the least value 



n 



of CGB is — . Also it appears that the least length of string 

required corresponds to this angle^ and therefore equals AG. 
(17). A uniform rod AB is suppotrted as follows: a string 




Y w 



is tied to A, paases through a fixed external ring C> then 
through a ring in the rod at B, and is finally fixed to an 
external point D: shew that if AB is horizontal^ the angle 
DBC k 120°. 

The beam is kept in equilibrium by the tension of the 
string AC aX Ay the resultant of the two tensions of BC and 
BD at By and its own weight PF at 6r the middle point 
of AB. 

Let -4(7 and the vertical through O meet in K; the direction 
of the resultant of tensions at B must also pass through K 
and must evidently equal the tensions of .4 C at A^ from, the 
symmetry of the figure ; but this force is the resultant of two 
forces which are also equal the tension of AC, and whose 
directions are BC and BD, therefore it can be easily seen 
that it must make an angle equal 60° with both of them: 
hence the whole angle CBD « 120°. 
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(18). Four rods jointed at their extremities form a quad- 
rilateral which may be inscribed in a circle : if they be kept 
in their positions by two strings joining the opposite angular 
points, the tension of each string is inversely proportional to 
its length. 

Let ABCD be the quadrilateral AC, BD the strings which 



keep it in shape: since the joints at ABCD are supposed to 
be perfectly free, the tensions of the rods and the strings will 
be in the direction of their lengths: let the tensions of BD 
and AC he T, and T^ respectively, and that of AB be Pj. 

Then A is kept in equilibrium by the tension of the rods 
AB and AD, and the string AC, in the direction of their 
lengths respectively, 

therefore — ' = -r— ^ ^n • 

P, smDAC 

Similarly, from equilibrium of B, 

P, sin DB C 
2\ ' smB ' 

T sin /t 

therefore £i = !j^, : DAC ^ DBC. 

2, sm B 
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Now from triangle DAB, 



sin A BD 



sin ADB AB ' 



and from triangle BAC, 



sin 5 AC 



sinACB AB' 
therefore by division, since ACB = ADB, we have 

sin^ BD T^ 
s\n B^ AC' T/ 

which proves the proposition. 

(19). A quadrilateral formed by four rods jointed at the 
ends is in equilibrium under the action of two equal and 
opposite forces applied at points in two opposite sides. Shew 
that the direction of these forces passes through the point of 
intersection of the other two sides produced; these being 
supposed not parallel. 

This follows from the consideration that either of the sides 
to which the force is applied, is kept in equilibrium by this 
force together with the pressure of the two adjacent sides, 
in the direction of their lengths, upon its ends. 

(20). Two equal heavy beams AB, CD are connected 




Yw 



diagonally by similar and equal elastic strings AD, BC; deter- 
mine the position of equilibrium when AB is held horizontally. 
Shew also that if the natural length of each string equal AB, 
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and the elasticity be such that the weight of AB would stretch 
the string to three times its natural lengthy then 

1 1 1 

AB'^ BC^ AC' 

Let T be the tension of each of the two strings when the 
system is in equilibrium^ and let the strings meet in 0; then 
W being the weight of either of the beams, we have 
T ^ BJn AOW 
TT" sin AOB 

cos ABO 1 



sin 2AB0 2 sin ABO 

1 BC 
" 2 AC 

1 SC 



2 ^{BC^AE^' 

Now the tension of an elastic string is proportional to the 
amount of its extension ; hence, if AB were the original length 
of the string, we have 

where \ is a constant for all values of BCi therefore by sub- 
stitution \{BC^AB) ^ I BC 

w "2 siiBC - a:e^) ' 

an equation which will serve to determine BC^ and therefore 
the position of equilibrium. 

The supposition of the second part of the question gives us 

X 2AB - W, 

and therefore the above relation becomes 

BC-AB BC_ 

AB " ^{B~C^~- Aff) 

BC 
"AC' 

1 _1_ J_ 
^' AB^BC^AC 
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(31). Three equal cylindrical rods are placed symrpetrically 
round a fourth one of the same radius^ and the bundle is the^ 
surrounded by two equal elastic bands at equal distances from 
the two ends : if each band when unstretched would just pass 
round one rod^ and a weight of one pound would just stretch 
it to twice its natural length, shew that it would require a force 
of 9 lbs. to extract the middle rod, the coefEcient of friction 

being equal to ~ . 

6 

Since the arrangement of the rods and the bands is perfectly 
symmetrical, the conditions between the forces must be the 
same at both bands. Let the annexed figure represent a section 
of the rods by a plane passing through one of the bands ; it i3 
clear that the case is the same as that of four equal circular 
di8c$ pressed together by an elastic band. 

Now each of the exterior discs will be under the same 




circumstances : it will be kept in equilibrium by the tension 
of two parts of the string and the reaction of the central disc. 
Call this reaction R and the tension T: these three forces 
will, by the symmetry of the figure, clearly meet in a point 
O, which is the angle of the equilateral triangle described 
about the discs ; hence from the triangle of forces 

i? = srcosSO**- rV3. 

If therefore fi be the coefficient of friction between the rods, 
the friction which would* upon attempting to withdraw the 

m2 
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middle rod be called forth corresponding to the above value 

of B, would be fiR 

= fAT\fS. 

The same would be the case at the other five points of contact 
(three belonging to the other band) ; therefore the total amount 
of friction to be overcome - 6/(^^/3^« yVsTby the question. 

Now if r be the radius of each cylinder^ the original length 
of each band was 2irr, the stretched length is 12r cos30*' + 2irr^ 
therefore the amount of extension » 12r cosSO"' « 6 V3r: but by 
question 1 lb. would produce an extension » 2irr ; hence we have 

value of Tin lbs. : 1 lb. : : 6 V3 : 2ir, 



therefore 



irV3r=9lbs. 



(22). Two equal rods AB, AB! without weight, are con- 
nected at their middle points by a pin C 
which allows of free motion in a vertical 
plane^ and their upper extremities are 
connected by a thread BKB, which 
carries a weight hanging by a free ring 
JT. Whatever be the length of the string 
K will always rest half way between 
the pin C and the horizontal line join- 
ing Bff. 

It is quite evident that the whole 
system will arrange itself perfectly sym- 
metrically, and that K will always be 
somewhere in the vertical line through (7. 

The beam A'B' is in equilibrium under the action of the 
tension of the string BK at J?', the resistance of the horizontal 
plane at A'^ in direction A'B and the reaction of the other 
rod called forth at C : let BK and AB meet in O', then the 
direction of their resultant must be O'C, Of course, by similar 
reasoning, the resultant of the tension of BK and the resistance 
at A would have a direction OC symmetrical with O'C: now 
the reaction at C which counteracts this force must be equal 
and opposite to the reaction at (7, which counteracts the re- 
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sultant force along OC; therefore OCO' must be a straight line, 
and as Cff is symmetrical with CO, it must be horizontal ; 

therefore ^'(7 = B0\ 

Also, because B'A' is bisected in C, and KC is parallel to OA', 
therefore KC= \OA = \B(y , which proves the proposition. 

(23). The three comers of a triangle are kept on a circle by 
three rings capable of sliding along the circle, and the circle is 
inclined to the horizon at a given angle; find the positions 
of equilibrium. 

Let O be the centre of the circle ; KH a vertical line 
through it; AOB the line in which 
the plane of the circle is cut by a 
plane perpendicular to it through 
and K0\ CDE the triangle. 

This is kept in equilibrium by 
the three reactions of the circle 
upon the rings at CD and JS, and 
by its own weight acting vertically 
downwards at G. 

The three first are perpendicular 
respectively both to the ring and 
the circle ; they must each therefore lie in a plane which passes 
through the centre and the angle, and is perpendicular to the 
plane of the circle, ue, they must each pass through a line 
drawn perpendicular to the circle at 0. Also they must have 
a single resultant from what is said above, vertical, equal and 
opposite to the weight of the triangle, and this resultant must 
clearly pass through the line drawn perpendicular to the 
planeof the circle at O; therefore the vertical line through O 
the centre of gravity of the triangle must intersect the same 
perpendicular, or must lie in the plane of KOH and AOB, 
therefore G must lie in the line AOB: and this is the only 
condition necessary for equilibrium, consequently there are 
two positions such as are required of the triangle, one when 
G is above, and another when it is below the centre in the 
line AOB, q. e. d. 
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(24). A man carries a bundle at the end of a stick over 
his shoulder : as the portion of the stick between his shoulder 
and hand is shortened by the moving his hand, shew that the 
pressure on his shoulder is increased. Does this change in- 
crease the pressure of his feet upon the ground? 

(25). Two weights support each other upon the two sides 
of a solid triangle by means of a string which passes over the 
vertex and connects them : compare the weights. What would 
be the effect upon equilibrium^ first of adding the same weight 
to each, secondly of adding weights to them which are in the 
same proportion as themselves? 

(26). Four parallel forces act in the same direction at the 
angles of a plane quadrilateral figure, and are inversely, pair 
and pair, to the segments of the diagonals nearest to them; 
shew that the point of application of their resultant lies at the 
intersection of the diagonals. 

(27). One end of a Uniform beam rests against a smooth 
vertical wall; to the other end a string is attached, which 
passes to a point in the wall where it is fixed. Find the 
positions of equilibrium, and investigate the conditions neces- 
sary for their existence. 

(28). A uniform beam lies over a smooth peg and has one 
of its extremities attached by a string to a point vertically above 
the peg ; find the conditions of equilibrium. 

(29). Two weights are hung by different strings to the 
same point ; one of these weights is a sphere of known size, 
the other rests far below it on account of its string being 
long: find the position of equilibrium. 

(30). A heavy weight W lies upon a smooth table ; a long 
string fixed to it passes over a smooth p^ above the table, 
returns to the weight, passes over a smooth peg in it, and 
then going through a slit in the table carries a weight P; 
another string is also fixed to W, passes over the edge of 
the table, and then carries a weight Q. Find the position of 
equilibrium and the pressure on the table. 
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(31). A weight is suspended from the two ends of a straight 
lever, whose length is 5 feet, by strings whose lengths are 8 
and 4 feet respectively ; find the position of the frdcrum that 
the lever may rest in a horizontal position, first supposing the 
lever to be without weight, secondly to be heavy. 

(32). A uniform rod is hung from a fixed point by means 
of cords attached to its extremities; shew that the tensions of 
the cords are as their lengths. 

Is this true, first when the points of attachment of the cords 
are at equal distances, secondly at unequal distances from the 
extremities of the rod ? 

(33). Two equal weights P, P are attached to the ends 
of two strings which pass over the same smooth peg and have 
their other extremities attached to the ends of a beam AB 
(weight W) which rests thus suspended; shew that the in- 
clination of the beam to the horizon » tan~^ ( = tan a |; a. b 

Va + j ; 

being the distances of the centre of gravity of the beam from 

W 
its ends, and sin a being = — ^ . 

(34). A bent uniform rod is hung up by one extremity, 
find its position of equilibrium: find also the angle between 
the two arms in terms of their lengths when the lower one 
is horizontal. 

(35). Find the centre of gravity of a frustrum of a right 
cone. 

(36). A triangular lamina ABC whose weight is ?F is 
suspended by a string fastened at C^ find the weight which 
must be attached at By in order that in the position of equi- 
librium the vertical through C shall bisect the angle ACB. 

(37). A cone whose height is four times the radius of its 
base is hung up by a string attached to a point in the cir- 
cumference of the base; find the angle which its axis makes 
with the vertical. 
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(38). A uniform wheel haying a heavy particle fixed at a 
giren point in its circumference is placed upon a rough inclined 
plane ; shew that if the weight of the particle be of a certain 
Talue^ there is but one position of equilibrium^ if it be greater 
there are two positions^ if less there are none^ 

Is this independent of the coefiicient of friction? 

Investigate the nature of the stability of equilibrium in each 
case. 

(39). A cylinder of given weight and radius stands upon 
a horizontal plane^ a sphere of weight fV hangs by a string 
from the upper rim of the cylinder and touches its side ; what 
must be its radius in order that the cylinder may be just on 
the point of upsetting? 

(40). A sphere of known weight and dimensions is hung 
by a string of given length to the vertex of a cone and rests 
upon its surface; the cone is then placed upon a horizontal 
plane; if the string be now slightly lengthened the whole 
system will overset: find the relation between the weighty 
height, and vertical angle of the cone. 

(41). Two heavy rings are made to slide uniformly along 
the sides of a triangle, starting together from the vertex and 
reaching the base at the same moment; shew that if a certain 
straight line in the triangle be fixed, the rings will be in equi- 
librium in any of their contemporaneous positions. 

(42). A cubical box is half filled with water and placed upon 
a rough rectangular board so as to have the edges of its base 
parallel to those of the rectangle : if the board be slowly in- 
clined to the horizon, determine whether the box will slide down 
or topple over. 

(43). BCDE is a square board; a string is fixed to a point 
^ in a rough wall and to the corner B of the board ; shew that 
the board will rest with its plane perpendicular to the wall and 
its side CD resting against it, if ^(7 be not greater than fiBC, 

(44). A sphere is placed upon a horizontal plane, and a heavy 
beam capable of moving about a hinge at one extremity in the 
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same plane lies upon it ; given the coefficient of friction between 
the beam and sphere ; also that the sphere cannot slide but only 
roll along the plane: find the inclination of the beam to the 
horizon when the sphere is just about to roll aways 

(45). A heavy beam lies over a peg with one extremity 
against a vertical wall ; given the coefficient of friction between 
the beam and peg, and between the beam and wall; find the 
limiting positions of equilibrium. 

(46). One end of a beam^ whose weight is Wy is placed on 
a smooth horizontal plane; the other end^ to which a string 
is fastened^ rests against another smooth plane inclined at an 
angle a to the horizon; the string passing over a pulley at 
the top of the inclined plane hangs vertically supporting a 
weight P. Shew that the beam will rest in all positions if a 
certain relation hold between P, W, and a. 

(47). A beam whose length is 2a has two beams each equals 
a jointed one at each of its extremities ; the three beams are 
then placed on the top of a sphere whose radius is 2a^ in such 
a way that the middle point of the middle beam rests on the 
highest point C of the sphere : shew that the pressure on the 
sphere at C is equal to ^ of the whole weight of the three 
beams. 

(48). Two equal smooth spheres connected by a string are 
laid upon the surface of a cylinder^ the string being so short 
as not to touch the cylinder : determine the position of rest and 
the tension of the string. 

(49). A weight Q is placed inside a smooth hemispherical 
cup^ a string attached to it passes over the smooth edge of the 
cup and supports a weight P hanging vertically ; the hemi- 
sphere rests with its curved surface in contact with a smooth 
horizontal plane : find the position of equilibrium. If the cup 
be without weighty how must the enunciation of the problem 
be altered in order that equilibrium may be possible? 

(50). A series of equal weights are fixed at equal distan- 
ces along a string which is suspended from two fixed points ; 
shew that the successive portions of the string are inclined to 
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the horizon at angles whose tangents are in arithmetical 
progression. 

(51). A light cord with one end attached to a fixed point 
passes over a pulley in the same horizontal line with the fixed 
pointy and supports a weight hanging freely from the other 
extremity. A heavy weight being fixed upon the cord at differ- 
ent places successively between the fixed point and pulley, 
it is required to find the locus of its positions of equilibrium. 

(52). An elliptical plane^ in which A and B are the 
extremities of the major and minor axes and S the focus re- 
spectively, is acted upon by two forces applied at the point 
By which are in directions of, and proportional to BA and B8\ 
what point in the major axis must be fixed in order that motion 
may not ensue ? 

(53). A triangular board has one right angle^ and is placed 
in a vertical plane with one side horizontal; a heavy string 
covers the hypothenuse and hangs down at the lower end ; the 
upper end of the string is held by a force parallel to its 
length: find a point in the board which must be fixed in 
order that the base may remain horizontal. 

(54). Three equal spheres lying in contact on a horizontal 
plane are held together by a string. A cube whose weight 
is ZW \& placed with one of its diagonals vertical so that 
its lower sides touch the spheres : shew that the tension of the 
string is H^V§. 

(55). The piston rod of a locomotive engine is attached 
by a free joint to a point in one of the radii of the driving 
wheel; shew that the pressure upon the axis of the wheel 
tending to force it forward is the same for symmetrical 
positions of the piston rod as the wheel revolves^ whether 
the rod be pushing or pulling. 

(56). A hemisphere of given radius rests upon the top 
of a rough fixed sphere; find the radius of this sphere such 
that the equilibrium may be neutral. 
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(57). If a cylinder has its base united concentrically to 
the base of a hemisphere of equal radius^ find the height 
of the cylinder in order that the solid may stand upon a smooth 
horizontal plane on any point of its spherical surface. 

(58). A sphere of radius r rests upon the concave surface 
of a sphere of radius R; if the first sphere be loaded so 
that the height of its centre of gravity from the point of 
contact be |r, find jB such that the equilibrium may be 
neutral. 

(59). Out of a solid right cone is cut another cone having 
coincident base and axis ; the remaining solid is placed like an 
inverted wine-glass upon a pointed rod: find the relation 
between the lengths of the axis of the cones^ according as the 
equilibrium is stable^ neutral^ or unstable. 

(60). When the solid cut out of a cylinder by two planes 
passing through the axis is in equilibrium with its cylindrical 
surface placed upon an horizontal plane and edge uppermost^ 
prove that the equilibrium is stable however small be the 
inclination of the planes. 
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SECTION I. 

PBELIMINART. 

(1). It has been defined (Art. 3^ Statics) that when the 
constituent particles of a body occupy different positions in 
space at successive instants of time^ the body is in motion. Its 
particles are said to be animated with velocity. 

If during its motion a material particle always describes 
any given space in the same time^ wherever in its course the 
space be taken it is said to be moving uniformly, or to have a 
uniform vdodty; i.e. its velocity at every instant is the same 
throughout the motion. 

On the contrary, if a given space, wherever taken, be not 
passed over in the same time, the motion is not uniform ; or the 
velocity of the particle varies from instant to instant. 

Supposing the motion to be such that the given space is 
passed over more quickly in the latter part of the particle's 
course than in the first, the particle's velocity would be said to 
have increased, and vice versd. 

It is not di£Scult, from such considerations as the preceding^ 
to form a distinct idea of velocity as being a property of a 
moving particle, differing in degree from instant to instant ; its 
magnitude at any one moment being perfectly independent of 
the subsequent movement of the particle. 
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(2). Dbf. The velocity of a particle in motion is, at a 
proposed instant, proportional to the space through which it 
would carry the particle in any given interval of time, provided 
it remained uniform throughout that interval, and of the same 
magnitude as at the proposed instant. 

In accordance with this definition, we could correctly take 
as the measure of velocity the space through which it would, 
if continued uniform, carry a particle in any given duration 
of time. It is generally found convenient to take the unit of 
time which is in use for such interval : by the unit of time 
is meant that particular interval in terms of which all other 
durations of time are measured. Thus under the common 
convention, where one second is the unit of time, if we ob- 
served a ball in motion at a particular instant, and had the 
means of knowing that if it continued to move for the next 
second exactly as fast as at the instant under consideration 
it would in that interval pass over 2 feet, we should measure 
its velocity at the proposed instant by the length 2 fe^t ; and 
this we should do, whether the ball's real motion were uni- 
form or not during the second. 

In thus measuring velocity we do not deviate from our ordi- 
nary modes of thinking and speaking: when a railway train 
is said to be going at the rate of 30 miles an hour, it is not 
meant to convey the idea that the train really passes over 
30 miles in the next hour, but merely that it would do so 
provided that it moved for that time with the speed it has 
at the moment alluded to; the fact of its being obliged to 
stop at a station before the lapse of an hour does not alter 
our notion of its speed at that time. 

S. The symbol usually adopted to represent the mea- 
sure of velocity, is v ; and when we meet with the expression 
9 » & in relation to a moving particle, we should understand 
that the particle has such a velocity at a proposed instant as 
would carry it through b units of space in the next unit of 
Hme, provided that it moved through that unit of time with 
a velocity equal to that which it has at the proposed instant. 
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Thus velocity is measured by a length ; it has also direction^ 
the direction in which the particle is moving under its influ- 
ence; it can therefore, like forces in Statics, be represented 
by a straight line. 

4. It is the object of Dynamics to investigate the laws 
from which we may deduce the effects of a system of forces, 
as regards the movement of the particle or system of particles 
upon which they act. 

The first step in this inquiry is provided by the assertion 
which is generally known under the name of the 

First Law of Motion, ^ 

A material particle if at rest tviU remain at rest, and if 
in motion tvHl continue to move uniformly in the same straight 
line, unless it be acted upon by some external force. 

From our definitions already given of Force and Velocity, 
we acknowledge the presence of the first whenever we observe 
a change of any kind in the second; they are therefore two 
objects whose existence we can readily detect and recognize: 
the relation which the one bears to the other must of course 
depend upon the laws which govern the material world; we 
can only discover those laws or their results by a careful 
observation of natural phenomena. 

The Law of Motion just enunciated is merely a convenient 
form of asserting one of the conclusions to which observers 
of nature have been led respecting the connexion between 
forces and matter. It is simple but important; it states that 
no portion of matter can move itself from rest, or in any way 
alter the nature of its own motion when it is in motion. All 
change that may be observed in its state either of rest or 
of motion is to be referred to some force from without. This 
inability of matter to alter in any way its own state of rest 
or motion is commonly known by the term Inertia. If then 
a single force be applied to a particle of matter^ a change 
in the particle's velocity must ensue and be due to this force 
alone : d priori, as far as we know, the relation between the 
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force and the change it produces might be any whatever 
although definite. It cannot be made the subject of abstract 
definition. 

5. The relation which is really found to exist between 
forces and their effects upon velocity is asserted in the follow- 
ing words : 

Force when uniform is proportioned to the velocity which it 
either generates or destroys in a given time in the particle to 
which it is applied. 

It must here be understood^ that a force acting upon a 
material particle during any time is said to be uniform or 
constant^ when in any equal intervals whatever it generates 
or destroys in the particle equal quantities of velocity: and 
that one force is said to be dynamically equal to another, when 
they both in a given time generate or destroy the same velocity 
in the same particle. 

6. This assertion shews us that if we chose to consider 
forces simply with reference to the effect which they produce 
in altering the velocity of a material particle, we could very 
correctly measure them by the velocity which they respectively 
generate or destroy in that particle in a unit of time : and 
this is in fact the convention which is usually made; but 
then force so measured receives the distinctive appellation of 
accelerating force. 

7. What is really thus measured ought more properly to be 
termed the accelerating effect of the force upon the particle : a 
measure of this is by no means a measure of the force itself; for 
it is found by experiment that a given force when applied to a 
number of heavy particles in succession generally produces very 
different changes of velocity in the different particles; this is due 
to a difference in the particles themselves, whereby they are said 
to differ in masSy a term which will hereafter be made the 
subject of definition and measurement. Thus it appears that 
the same force, estimated as an accelerating force, will have 
different values according to the difference in mass of die 
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particles upon which it acts. At present, when speaking of 
a force in reference to its action upon a material particle^ we 
shall suppose its accelerating effect with respect to that par- 
ticle to be known: it will belong to a future section to 
explain how, when a force is given, the measure of its ac- 
celerating force may be obtained for any given particle what- 
ever. 

8. The preceding assertion of the proportion between force 
and the velocity generated or destroyed by it might with 
propriety be termed a law of motion: but it is found more 
convenient to consider it as a deduction from a more com- 
prehensive law, called the Second Law of Motion, which de- 
clares that, 

JVhen any number of forces act simultaneouslt/ upon a 
material particle in motion, the instantaneous quality of each 
force as regards its intensity and direction remains the same 
as if it had acted alone upon the particle at rest. 

Let f, f, fy represent n forces, such as would generate 
during a very small interval of time r velocities t?j, t?^,. . . .t?^, 
respectively, in a particle of matter, whether moving or not; 
suppose them to act simultaneously upon the particle and in 
the same direction for the time r, then each force f will, 
during that time, according to the law just enunciated, gene- 
rate a velocity v in the particle, the same as it would have 
done had it acted alone for that time, and therefore the velocity 
generated by all the forces acting together will be the sums 
of the velocities due to them separately; that is, a force 
f\'^f^ + ••• + y« ^^ generate in time t a velocity ^^-^v^^ ... + r^. 
If we put /j =/, = . . . . =/^, we shall have t?j « c, = ....= t>^ 
by Art. (5), and the preceding result takes this form: if a 
force /j will generate in a particle a velocity t>^ in time t, 
then a force nf^ will generate a velocity nv^ in the same ; 
which proves the assertion already made of the proportion- 
ality between force and the velocity it generates in a particle 
in a given time. 

N 
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(9). We have seen that all forces are known by their pro- 
ducing or tending to produce change in a body's velocity : in 
general they require to act for a finite time in order to produce 
an appreciable change^ and are therefore termed finite forces; 
but there is a class of forces, called ImpuUive forces, which 
produce a finite change in an indefinitely small time: for 
instance, when a ball is struck by a bat it is acted upon by an 
impulsive force during the instant only that the ball and bat 
are in contact, but the chaoge produced during that time in 
the magnitude and direction of its velocity is very apparent. 

Impulsive forces diflfer not at all from Finite forces in 
character ; they are only peculiar in the short duration of their 
action and in their intensity, which enables them to produce 
a finite efiTect in that time ; they are, equally with finite forces^ 
the subject of the laws which have been enunciated in Art. (8). 
Therefore as the time of action of all impulsive forces is to 
our senses the same, in every case too small to admit of our mea- 
suring it, we shall be right in considering them proportional to 
the velocity which they generate in a particle in that time. As 
then we measure the accelerating effect of 9k finite force by the 
velocity which it generates or destroys in a particle in a unit 
of time (Art. 6), we measure the ^accelerating effect of an im- 
pulsive force by the velocity it generates or destroys in the 
time of its action, an instant. 

It is manifest that these two ways of measuring the two 
classes of forces, although based upon the same principle, render 
it impossible to compare individual forces of the one class with 
those of the other: but it is also equally manifest that such 
a comparison can never be needed in practice, for if impulsive 
and finite forces be applied together to a particle, the effects of 
the first would be produced before those of the latter were in 
the smallest degree appreciable ; the two systems must therefore 
be considered as applied in succession and not together. 

It is almost superfluous to remark that forces, whose ac- 
celerating effects upon the same particle are equal, must be 
statically equal. 
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(10). We now come to the consideration of the important 
problem which our science proposes to us: 

Given the position of a particle in spcu^e at any time, and the 
magnitude and direction of the velocity which it has at that in- 
stanty also the forces which are then acting upon it ; find the 
motion of the particle during the next very smaU interval of 
time. 

If we can solve this, we can of course repeat the operation 
at the end of this interval, and again at the end of a second 
such interval and so on, and by this means pursue the particle 
through the whole of its course. The use of the Differential 
and Integral Calculus renders this proceeding tolerably easy in 
most cases. At present however we shall confine our attention 
to cases, wherein the particle moves in one plane and where 
the solution of the ^problem can be accomplished by simple 
processes. 

The remainder of this section is occupied by the demon- 
stration of certain principles upon which the solution of this 
problem in all cases depends. 

11. If two impulsive forces 
act simultaneously upon a 
particle A at rest, and be 
such as u>ouJd separately 
generate in A velocities re- 
presented in magnitude and 
direction by AB, AC re- 
spectivdyg they unU together 
generate in A a velocity represented in magnitude and direction 
by AD the diagonal of the parallelogram described upon AB 
and AC. 

For since AB and ^C represent the velocities generated by 
the two forces respectively^ they likewise represent the forces 
themselves (Art. 9) ; therefore^ by the parallelogram of forces, 
AD represents the Statical and consequently, by the Second 
X4aw of Motion, the Dynamical resultant of the forces; but 

N 2 
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this is measured by the velocity it produces. Hence AD 
represents in magnitude and direction the velocity which the 
two forces acting together generate in the particle. 

This proposition may be stated somewhat differently thus : 

If any ttoo causes, such as would separatdy make the par- 
ticle A begin to move in directions AB and AC with velocities 
AB and AG respectively , coexist, they will then make the par- 
tide move in the direction AD tdth the velocity AD. 

One of these causes^ as that which tends to produce the 
velocity AB, may manifestly be simply the tendency of the 
body to move along AB with a velocity AB, in consequence 
of a previous motion in that direction (First Law of Motion), 
but then the other cause must be either a single impulsive 
force, or the resultant of a set of impulsive forces. 

Conversely, if a particle A be moving at a certain instant 
in a direction AD loith a velocity AD, we may suppose the 
cause which produces this motion to be equivalent to the co- 
existence at that moment of two causes such as would separately 
make the particle begin to move in directions AB and AC with 
velocities AB and AC respectively. 

This proposition is called the Parallelogram of Velocities. 
From the analogy of the parallelogram of forces AD is called 
the resultant velocity of the velocities AB and AC; and AB, 
AC are called the resolved parts of the velocity AD in the 
directions AB, AC respectively. 



12. If two causes act simultaneously throughout an interval 




A B/ B^ Bs B 

of time t upon a particle which at the beginning of the time t was 
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at rest at A, they being such as wotdd if they acted separately 
cause the particle to move from A ^o B and from A to C re- 
spectively in the same duration of time t, then will they together 
cause the particle to be at the end of iy at the point D which is 
the extremity of the diagonal of the parallelogram formed upon 
AB and AC. 

The cause which would alone make A move from A to B 
in time t, might be made up of an initial velocity in the di- 
rection AB, impulsive forces acting at certain instants in the 
same direction and finite forces acting for the whole time or 
parts of the time ; or it might consist of only one or two of 
these parts : however in either case its effect would be that A 
would under its action move from A to B with a velocity 
varying from instant to instant. 

Let the time t be divided into n intervals each equal r 

so that t » nTy and let AB^f B^B^y -^a^s ^® ^® spaces 

through which the particle A would move in the first, second, 
third, &c. interval r respectively, under the infiuence of this 
cause acting alone. 

Now suppose another cause, consisting of a series of im- 
pidsive forces acting upon the ^particle A at the beginning of 
each interval r, to make A move from ^ to jB, uniformly in 
the first interval r, and from B^ to B^ in the second interval r 
and so on ; it is quite clear that if r be small compared with ty 
that is if n be large, the motion of A under the action of this 
second cause will be nearly that produced by the first ; and the 
greater n be, and therefore the smaller r, the more nearly will 
the second motion approach to the nature of the first; and if r 
be made very small by increasing n sufficiently, we may sup- 
pose the effect of the second cause upon the movement of A to 
coincide with that of the proposed one : but this second cause 
consists of a succession of impulsive forces, capable of making 
A move in direction ABy with velocities which are in the first, 
second, • • . , small interval r, proportional to AB^y B^B^. . . . 

Similarly, if AC^y Cfi^y C,(7,, .... be the spaces through 
which A would move in first, second, third, .... interval r 
respectively under the action of the cause which would alone 
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make it move from A to Cin time t^ we may, wheii r is made 
small enough as before, substitute for this cause a succession of 
impulsive forces acting at the beginning of each interval ft and 
making A move uniformly through those small intervals with 
velocities proportional to ^(7,, CjC,, • . . . 

Suppose, again, these two sets of impulsive forces to act 
together upon A, at the beginning of each of the intervals r. 
Let AAi be diagonal of the parallelogram dteecribed upon AB^j 
AC^\ draw AJb^^ Afi^ respectively parallel and equal to B^B^j 
C^C^f and let A^A^ be the diagonal of the parallelogram described 
upon Afi^ Afi^ : let also, in a similar way, parallelograms be 
constructed for each pair of lengths BJB^ and C^G^y ^s^i ^^^ 
Cfi^ &c., it is sufficiently evident that A^ will coincide with 2>. 

Since at beginning of the first interval r ^ is simultaneously 
acted upon by two causes which would separately produce in it 
velocities proportional botii in magnitude and direction to AB^^ 
AC^ respectively, therefore by the parallelogram of velocities 
the velocity that is really communicated to it is proportional 
both in magnitude and direction to AA^j and as by supposition 
the res(dved velocity along AB^ carry it from ^ to ^^ in time 
<r, so the resultant velocity carries it from AtoA^ in that time. 
At the beginning of the second interval r, then, the particle is 
at A^i and two causes now act simultaneously such as wotdd 
separately make the particle move uniformly from A^ to b^ and 
from -^ J to csj respectively in the next interval t ; hence as before 
its real motion in that time will be from A^ to A^» By pro« 
ceeding with this reasoning we can prove that under the simul- 
taneous action of the supposed two systems of impulsive forces, 
the particle must be at ^,, ^^ .... ^^ at the end of the third, 
fourth, nth intervals r respectively: this result is quite in* 
dependent of the letigth of r ; but we have seen that if r be 
made indefinitely small these two systems of simultaneous 
impulsive forces must coincide in their effects with the two 
proposed causes acting simultaneously upon the particle. There- 
fore the simultaneous action of the two proposed causes upon 
the particle during the time t will cause it to be at Z> At the 
end of that time. 
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18. Suppose APB to be the course which a particle 
describes under the action of certain forces^ P any point in 
that cdurse^ t the time of the particle being at that point. 

The velocity which the particle has at the time t may be 
resoived into two parts parallel to any two given directions Ax 



A ^ 

and Ay respectively ; the forces acting upon it at the same time 
may also be resolved into two parallel to the same directions ; 
hence at time t the particle may be conceived to be at P under 
the simultaneous action of two causes which would separi^tely 
make it move parallel to Ax and Ap respectively. The same 
may be said of it at any other point and time. Therefore the 
whole motion may be conceived to b^ produced by the continued 
simultaneous action of two causes Which would separately make 
the particle move in the given directions. 

If then these resolved forces be known for every instant, 
and the united effects of them and the initial resolved velocities 
of the particle can be calculated for a given time t in their 
separate directions Ax and Ay, the actual position of the par- 
ticle under their umited action will be known by the last 
proposition. 

This is the methed generally pursued in Dynamics for in- 
vestigating the motion of a particle; it depends for its efficacy 
in a great measvure, as has before been said, upon the appli- 
cation of the Differential and Integral Calculus. In the 
following pages our attention will be confined -to cases of 
the simplest kind. 
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Examples to Section I. 

(1). A man rides, at a uniform pace, 15 miles in 2 hours; 
if his velocity be 5, and a yard be the unit of length, what 
is the unit of time ? 

In this case, we see that in accordance with the definition 
of the measure of velocity, the man traverses 5 yards in the 
unit of time. 

But he goes over 15 x 1760 yards in two hours, and there- 

2 

fore over 5 yards in — hours. 

^ 3 X 1760 

2 

Hence the unit of time is hours 

3 X 1760 

>= jgi minutes 

= ^ minutes 

^ If seconds 

= 1.36 seconds. 

(2). A person travelling on a railway with a velocity t?, 
wishes to fire at an object in a particular direction ; supposing 
the course of the bullet to be rectilinear, and its velocity 
uniform, equal v* in the direction of the barrel of the gun, 
determine the direction in which he should aim. 

The bullet will move under the action of two causes ; the 
first of which, if it acted alone, would carry it along uniformly 
with velocity v in the direction in which the carriage is 
moving ; the other would take it uniformly with a velocity 
v' in the direction of the gun-barrel; its real direction then 
will be, by the parallelogram of velocities, in the direction 
of the diagonal of the parallelogram, whose sides are in the 
first two directions and are proportional to o and f>' respec- 
tively. 

To secure that this diagonal shall pass through the object 
required, we may make the following construction : 

Supposing A to be the position of the person who fires 
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the gun, and P the object ; take AB in the direction of the 
carriage's motion, proportional to v^ and describe a circle 
about B with a radius proportional to t>': let D be the point 
where this circle meets AP; complete the parallelogram 
ABDC. If the gun be fired in the direction ACy the course 
of the ball will evidently, from what has been said, be the 
Kne AP. 

Since the circle will generally meet AP in two points, 
there will be two directions in which the gun may be fired 
in order to hit P; subject to exceptions which can be easily 
interpreted. 
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SECTION II. 

VOmiUhM WOR KBCnUHBAB KOTIOV. 

14. We xue the foUowing symbolB to represent the quan- 
tities which hare been already the subject of our definitions. 
When we enunciate the formulae ezpressiye of the relations 
between these quantities^ / generally denotes the time of an 
event's happening, a particular instant : it is the number of units 
of time, whatever that unit may he, which have elapsed at the 
proposed instant, since some given fixed point of time. When 
the contrary is not particularly stated, the interval called a second 
is taken as the imit of time, v represents the measure of the 
velocity of any particle at a proposed instant : as such, its full 
meaning has been already given, but it may be as well here to 
repeat that it is the number of units of length through which it 
would carry the particle in a unit of time, provided it remained 
constant for that time. Unless the contrary be particularly 
stated, the length called a foot is taken as the unit of length. Thus 
if a particle be said to have a velocity 9 at a particular moment, 
it is meant that it would, with the velocity which it has at that 
moment continued constant, pass over v feet in one second. 

/ ia generally employed to indicate the measure of an 
accelerating force; it is therefore (Art. 6) the vdociiy which 
the force acting upon a single particle will generate in it in 
a unit of time ; and as the measure of velocity is a length, 
therefore/, the measure of accelerating force, is a length: thus, 
using the conventional units of time and space, i.e. seconds and 
feet, an accelerating force, whose measure is f acting for one 
second uniformly upon a particle which was at first at rest, 
will generate in it by the end of that time a velocity f, or, 
more explicitly, a velocity which would, if continued uniform, 
alone carry the particle over / feet in a second of time. Of 
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course in generating this velocity the force has moved the 
particle through some space; we shall see by-and-bye that 
this space in all cases « \f feet : this fact may be usefully 
remembered. 

9 is commonly taken to represent the distance whidi a 
t)article may have traversed in any assigned time^ or under 
any j)roposed circumstances. 

Although these symbols generally stand for the quantities 
Mrhich have just been attributed to them^ any others may of 
course be substituted for them at pleasure; it is only here 
meant that they cohstitute the symbols of our ordinary notation. 
Besides these^ particular letters have been conveniently used 
to designate particular forces. For instance the letter g stands 
for the adedefxiHng force of gravity, which is fotind to be 
always the same at the earth's surface upon every particle; 
its numerical value found by experiment is 82.2 when feet 
and seconds are the units of length and time respectively. 
This means, in accordance with the explanation just given 
of the letter f when it stands for accelerating force, that if 
gravity be allowed to act upon a particle for one second, it 
will generate or destroy in that particle ft velocity g, or a 
velocity which would alone carry the particle in one second 
over g (« 32.2) feet. 

IS. All these symbols are numerical, and represent the 
number of times which the unit, in terms of which they are 
estimated, enters the quantity for wfaic^ they stand ; they wiH 
therefore change their Values when these units -are for any 
reason -changed, although the quatrtities denoted by them ve- 
main the same : thus any particular velocity being oonsidere^ 
the V which stands for it may change its numerical value for 
two reasons. 

1st The unit of time m^y be cfhanged ; for instance it may 
be convenient to take 1 minute as the uttk in which to tamsm^ 
time iiiE^tead off 1 secmid, as k ^^rdinurily the case : now the t? 
i^nds for the dii^nce through which the velocity continued 
uniform would carry a particle in a unit of time ; it would 
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manifestly carry it 60 times as far in 1 minute as in 1 second ; 
hence in the first case the numerical value of v would be 
60 times that in the second, although the same Telocity is 
represented in both cases. 

2nd. The unit of distance might be altered ; a yard might 
be employed instead of a foot: if the unit of time remained 
the same, as 1 second, and therefore the distance denoting the 
velocity the same, still its numerical value would become J of 
what it was, because distance would be measured in terms of 
yards instead of feet. 

If both these changes in the units were made at once, a 
change would generally take place in the value of 9 ; but if 
the one unit were always increased in the same proportion as 
the other, the value off would manifestly remain unaltered. 

Again, in regard to a particular force, a change in the unit 
of time will make a more complicated change in its value : we 
have seen that it is measured by the velocity it generates in a 
particle in a unit of time ; if then this unit be increased, mani- 
festly the absolute velocity generated in that time is increased 
in the same proportion : moreover, by this increase of the unit 
the measure of any given velocity is increased, also in the same 
proportion, because by definition this measure is the distance 
through which the given velocity will carry the particle in 
the unit, and which must be greater for the same velocity, the 
greater the magnitude of the unit: hence, had the velocity 
which stands for the force remained the same after, as before, 
the change in the unit of time, the numerical value of the 
force would still be changed in direct proportion to the length 
of the unit ; but as this velocity is itself changed in the same 
proportion, the numerical value of the force must be changed 
in proportion to the square of the unit. 

To take a familiar example : 

The value of ff which stands for the force of gravity is the 
numerical value of the velocity which it will generate in a 
particle in one second -> 32.2, because the velocity so generated 
will alone carry the particle over a space 32.2 feet in one 
second. 
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Now when 1 minute is taken as the unit of time^ although 
the velocity generated by gravity in 1 second is necessarily 
the s^me as it was when 1 second was the unit^ still its nu- 
merical value is 60 times as great, because it is measured by 
the distance it will carry a particle in the unit; therefore the 
velocity generated in 1 second is 60 x 32.2 feet> and that 
generated in 1 minute must be 60 {60 x 32.2}; hence the value 
of ^ is in this case 60' x 32.2 instead of 32.2. 

In general, if f^ and f^ represent the numerical values of 
the same force in two cases where the units of time are as m^ 
to Wj respectively, similar reasoning to the above would shew 

If also the units of length in the two cases were as n^ to n,, 
we should get n fvn.\^ 

16. If a particle not acted upon by any force be moving 
with a velocity v, and s be the space it describes in t units, then 

s = vt. 

For V represents the space through which the velocity would 
alone carry the particle in one unit of time, if it remained of 
the same intensity throughout that unit: in this case, as no 
force is acting, v does remain of the same intensity throughout 
the motion (First Law of Motion); therefore it carries the 
particle through a space v in every unit and though a space 
t X V '^ vtint units. 

17. If a force act uniformly during t units of time upon 
a particle which was initially at rest, and if y be the velocity 
generated in the particle at the end of that time, and if f be 
the measure of the (accelerating effect of the force upon the 
particle, then v ^ ft. 

For f is by definition the velocity which the force will 
generate in any unit of time; therefore in t units it will 
generate a velocity ft. 
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18. If fi be ihe space through which (he particle ariginaUy 
ai rest is carried by this accelerating force {, acting uniformly 
upon it for t units, then 

To prove this^ let the time < to be divided into n equal 
intervals, each equal r; then by the last article the velocity 
which the particle has, in its course, acquired at the end of 
the 1st, 2nd, 3rd,. . . .rth interval respectively, is 

/t, /x 2t, /x 3t,. .. ./x rr. 

Suppose now that the particle, instead of moving as it really 
does under the action of the force, moved during each interval 
with the velocity which it has in the real motion at the be- 
ginning of that interval : it is clear that in this supposed motion 
the particle would always, excepting at the begiAuing of each 
interval, be moving slower than it does in the real motion, 
and therefore the distance described by it would be less. But 
if s^ be the whole distance described in this supposed case, 
it equals the sum of the spaces described in the successive 
intervals r, the velocity during the first interval being 0, during 
the secondyr, during the third 2/V, and so on ; therefore 

S^ ^fr X T + 2/t X t+ + (» - 1)/t X r 

-/,^{l + 2+ + (l»-l)} 

n(n^l) ^, 
' — :; A 



(i-l) 

2 -^ 

( 



nj 2 
2 n 2 ' 



because t «= nr 



Similarly^ if we suppose the particle to move during ?ach 
interval with a velocity which, in the real mption^ it has at 
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the end of that interval^ it will always^ excepting at the ends 
of the intervals^ be moying faster than it does in the real 
motion^ and if 8^ be the space so described^ it will be greater 
than the space required to be found. 

But the velocities at the end of 1st, 2nd, . . • • intervals are 
/r, 2/t, &c.; and therefore 

^t ~y^ X T + 2/t XT..., nfr x r 

==/^(l + 2 + . . .. +«) 

!«(« + 1) 



^ i 



/t* 



1+i 



« " J_» 



2 "^ 



\ nj 2 2 n 2 



Now by what has been said, 8 the space which the par- 
ticle really does describe in the time t must be intermediate 
between 8^ and #,, whatever be the lengths of the intervals t, 
and therefore it is intermediate to them when t is indefinitely 
small, ue. when n is indefinitely large: but as n is increased 
it is seen that 8^ and «, both approach the value J/^, and when 
n becomes indefinitely large they both become indefinitely near 
to that value, therefore 8 which is always between them must 
be that value itself. 

19. If cr represent the space through which a force f would 
carry a particle firom rest in a unit of time, its value will be 
obtained from the preceding formula by putting ^ » 1 ; this 
substitution gives 

a result which has been already alluded to Art. (14). 

20. Smce « = J/J?, 
and V ^fty 



1 98 DYNAMICS. 

are simultaneous relations between $, /, v, and t, we obtain 
by the elimination of ^ a third relation 

21. In the preceding formulae we have supposed f to act 
upon a particle which was initially at rest. Had it been ini- 
tially in movement with a velocity V, then if/* acted upon 
it for t units of time in the direction of its motion^ it would 
generate ui additional velocity ft (Second Law of Motion), 
or if it acted in the contrary direction it would destroy a 
velocity ft; and therefore at the end of t units the velocity 
of the particle would be V±ft, where the + or - sign must 
be used according as the force acts in the same direction as 
the particle is moving, or the contrary. 

22. In order to find the space described by this particle, 
which starts with a velocity V and is acted upon for t units 
of time by a force / we can employ the method of Art. (18). 
The real velocity of the particle at the end of the 1st, 2nd,...rth 
interval r respectively would be F'i/t, V± 2fr,.,.V±rfT, 
where the -f or - sign must be taken according as the force 
acts in the same direction as the particle is initially moving^ 
or the contrary. We should thus have 

5,-rxT + (F±/r)xT+.... + {r±(«-l)/r}T 
= Vnr ±fi* {1 + 2 + + (« - 1)} 



Similarly, ,, = r< ± ^ + l^^. 



Hence, by the same reasoning as in the simple case, if 8 
represent the actual space described by the particle in the 
time t, 

s^rt±\fe, 

the -f or the - sign being used according to the foregoing 
explanation. 
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28. Prom these two general relations between v, 8, f, t, we 
easily get^ by eliminating t, 

c^ - F» ± 2/8, 

where we are guided to the sign to be taken by the same rule 
as before. 

24. If a particle starting in a given direction with a velocity 
Vhe acted upon for t units of time by a force jf in a direction 
exactly opposite^ its velocity v at the end of that time is 

therefore as t increases, v diminishes, or the longer / acts the 
smaller the velocity becomes ; in fact the force is employed in 
gradually destroying the velocity, and at the end of an interval 

^ s — ^ a numerical quantity, the formula gives us 0^0; the 

velocity of the particle is then all destroyed. If the force still 
continues to act, after having thus brought the particle to 
rest, it will make it move henceforward in its own direction, 
which is exactly opposite to that of the particle's first motion : 

V 

but if we make t in our formula greater than -f , we get 



t) = -C/?-r)--/(<-^), 



a negative quantity, whose numerical value is evidently that 

of the velocity which the forced would generate in the interval 

V . . . 

t- -79 that isi in the interval which has elapsed since the 

particle was brought to rest, and therefore of the velocity which 
the force has at time t generated in the particle in the back- 
ward direction. Hence, if we agree that the signs + and -, 
when prefixed to symbols of velocity, shall be distinctive of 
opposite directions, our formula will apply to all circum- 
stances of a particle in rectilinear motion. This is the con- 
vention usually made. It is also extended to the symbols of 

o 
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space, force, and time, where its adoption is justified by similar 
reasoning to that which we have just gone through. 

It may not be useless to give here an instance of the con- 
sistency of this convention with regard to time. 

P2 A ^ P/ K 



Suppose a particle to be at A, moving with a velocity V 
towards JT, and suppose it to be acted upon by a constant 
force / in the same direction during t units of time ; then, if 
Pj be its position at the end of that time, we have by our 

formula, AP.^Vt^iff (1). 

Supposing the movement of the particle at A^ and after- 
wards, to be merely the continuation of a previous motion, 
then if P, were the position of the particle t units of time 
before it came to A, it ought, according to our convention, to 
be given to us by putting - t instead of t into our formula; 
therefore AP,--Vt + yf 

"-(Vt-iff) (2). 

Hence we learn that the numerical value of the length 
AP^y without regard to its negative sign, is Vt - If^. 

Now if F" were the velocity of the particle when it was 
at P,, since by this and the force f acting upon it, it must 
by supposition get to ^ in ^ units of time, we have by formula, 

p^ = rt + i/e. 

Also V must be such that, when after t units of time the 
particle comes by its action and that of / to A, it shall equal 

^' *-®- r'+yi-F; 

therefore Vt = Vt -/i?, 

and by substitution P^A -» Fif - yf, 

which exactly agrees with the numerical value of AP, given 
by the substitution of - ^ for t in the original formula. The 
negative sign prefixed to this value in (2) shews, according 



! 
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to the convention, that AP^ must be taken in a direction 
opposite to that of AP^. Hence it is seen that our conven- 
tion, with regard to the interpretation of the signs + and -, 
renders the formulse very general and in no degree incon- 
sistent. 

25. It may be useful to exhibit together the formulae which 
have been proved in this section. They are 

s = vt 
v' = 2/8 

s^vt±\fe \ (B). 



(A), 



Examples to Section IL 

(1). If the numerical value of an accelerating force be y, 
when one second is taken as the unit of time, what is its 
numerical value when half-a-second is taken as the unit? 

An accelerating force is measured by the velocity which 
it will generate in a particle in a unit of time, while the velo- 
city itself is, in consequence of our conventional measurements, 
measured by a distance which is equal to twice that through 
which the force would move the particle from rest in the 
same time (Art. 19). 

Hence, if/' be the new measure of the force, 

/:/':: 2 (space described in l") : 2 (space described in J"). 

Now spaces described from rest, under the action of a given 
force, vary as the squares of the times of describing them; 
therefore /:/'::!:}, 

/' - J/ 

o2 
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(2). A particle descends from rest under the action of 
gravity, and describes in the nth second of its fall a space 
equal to p times the space described in the (n - l)th second; 
find the whole space fallen through. 

Generally we have, if « be the space in feet fallen through 
in t seconds from rest. 

Hence the space fallen through in n seconds will be, tr 
suppose, ^^j^.. 

therefore, space in the «th second - J^ {«'-(»- 1)*} 

-Jy(2«-l): 

similarly, space in the (« - l)th second ^\g (2« - 3); 
therefore, by the question, 

\g{%n' \)^p xlsr(2«-3); 



therefore n 



8jP- 1 

2 (/. - 1) ' 



and <r = <7 -^-^ —^ , 

(d). A person ascending in a balloon lets fall a stone when 
at a given height. Determine the time of the stone's reaching 
the ground supposing the velocity of the balloon at the given 
altitude known. Explain the meaning of the negative value 
of ^. 

Let h be the height of the balloon when the stone is let 
fall, f its ascending velocity, which is consequently commu- 
nicated to the stone. 

If H be the distance of the stone abote this height A, f after 
being freed from the balloon, our formula gives us 

If in this equation we put - h for #, we shall obtain the 
value of t for the instant of the stone's reaching the ground, 
which is at a distance h beloto the point from which the stone 
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•tarted. By a little transformation this gives us 

9 9 
therefore (t-l'^^tA^; 

and therefore t = ^^ "^ 9 ) — ^ 

9 

or ^ VC^NJ^A)^ 

9 

It is quite evident that if the stone^ instead of rising to 
the height h in the balloon^ and of then being dropped from 
it^ had been projected upwards from the surface of the earth 
with a velocity = V(t?' + 2^A), its condition at the height h 
and its subsequent movement would have been the same as 
in the proposed case. But the time it would take in rising 

so high would be -^^ ^-^ , which is exactly the same 

in numerical value as the negative value of t above given. 

Now the analysis by which we have solved the given pro- 
blem did not contemplate any discontinuity in the stone's 
movement^ it therefore gave us two times at which the stone 
was at the earth's surface, the one when it started and the 
other when it came to it again ; the first of these is affected 
with a negative sign, shewing that it occurred before the time 
of arriving at the height from which we dated our time. 

(4) Two equal bodies begin at the same instant to descend 
from rest along chords APy PB of a semicircle, the diameter 
AB of which is vertical. Shew that their centre of gravity 
will descend vertically. 

Bisect AP in O, then, since the bodies are equal, O was 
the position of their centre of gravity at the beginning of the 
motion. Let A'B be any contemporaneous positions of the 
bodies, and let the vertical through O meet A'B in G'\ it 
is sufficient for the proof of our problem to shew that O' 
bisects A'B. 
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The accelerating forces upon A and B are the resolyed 




parts of gravity in the directions AP and PB respectively, 
they are therefore proportional to AP and PJ5, since AB is 
vertical. Also we see by the formula s » \f^i that the spaces 
described in the same time by bodies under the action of 
different accelerating forces are proportional to those forces; 
therefore we have, drawing BD parallel to ABy 

A A : PB :: AP \PB\\PB\ PB by similar triangles, 

therefore AA « PjD, 

and O bisects A By and therefore G' bisects AB. q.b.d. 
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SECTION III. 



CURVILINEAR MOTION. 



26. A HBAVT particle projected into the atmosphere from 
any point on the earth's surface describes a path whose nature 
it is very difficidt accurately to determine. The difficulty 
arises from the presence of the retarding force of the air's 
resistance; if we omit this force and consider the particle 
to be moving in a vacuum under the action of the earth's 
attraction only, we obtain a very simple case of Curvilinear 
Motion, which is generally denominated the 



Motion of Projectiles. 

27. To investigate the path of a projectile, we will suppose 
^ to be the point from which the 
particle is projected ; V the velo- 
city and AT the direction of its 
projection; let -47 make an angle 
a with the vertical AR. 

Since we neglect the resistance 
of the air, the only force acting 
upon the particle will be that of ^ 
gravity « ^ in a vertical direction : 
hence, the motion of the particle 
must evidently be in the vertical 
plane passing through AT the di- 
rection of projection, for there is 
no force to draw it out of that plane. 

If the particle were unaffected by the action of gravity, 
it would by the First Law of Motion move uniformly along 



R 
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the line AT with the yelocity V which it had initially at Ai 
let iV^ be the point in the line where it would thus arriye 
in f after starting from A: again, were it affected by 
gravity, but possessed of no initial velocity in any direction, 
it would fall in a vertical direction AS; let 12 be the point 
where it would under these circumstances arrive in f: com- 
plete the parallelogram MANP; then, in the actual motion, 
since both these causes act together, by the Second Law of 
Motion, or rather by Art. (12) which contains a deduction 
from it, P is the true position of the particle at the end of 
that time t 



Now 


AN^rt,.... {Art (16)}, 


and 


AR = yf, 


therefore 


AN* iV* 
AB" g ' 


or 


V* 
PBf - 4 .AR 




2y 



(!)• 



But AR is the abscissa and PR the ordinate corresponding 
to the position of the particle at any time ^, and the relation 
(1) which exists between them is exactly that which exists 
between the abscissa and ordinate of any point in a parabola 
of which AR is a diameter. 

Hence the particle in its movement describes a parabola 
whose axis is vertical and the distance of whose focus from 

28 . To find the posHion and magnitude of this parahola. 
Through the point A draw a line AS making an angle » a, 

with ATvjuBl in it take S such that AS ^ — . 

Then by the result of the last article, S is the focus of the 
required parabola. 

In the vertical line through A take the point K such that 
AK^ AS: draw AB^ KD perpendicular to AKy and there- 
fore horizontal; and through S draw BSD parallel to AK, 
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cutting the parabola in C: it is evident that BSD is the axis 

T' 




of the parabola^ and C its vertex bisecting SDi KD is its 
directrix. 

We then get immediately from the figure 
SC^\8B 

-J(-4Jr-^5'C0S2a) 



COS 2a 

2V2^ 2jr 



) 



— SU a. 



If we represent the latus rectum by L, 

L - ^.SC 

iV* . , 
■ sin a. 

9 

If h represent the greatest height above the horizontal plane 
through A to which the projectile ascends, 

h^BD- CD 
' 2ff~ 2g 



sin'a 






COS a. 
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If AL be the horizontal range <* k, 

k « 2AB » 2 AS sin 2a 

m — sin 2a. 
9 

By reference to figure of Art (27) we see that f, the time 

which the particle takes to pass from ^ to P^ is the same as 

the time in which it would^ under the action of gravity alone, 

fall from A U> B, or, which is the same thing, from iV to P ; 

therefore jyp = igf^ 

'2NP\ 

Tr 



therefore 



vc 



If therefore T be the time of the particle's moving from 
the point A to the vertex C of the parabola (fig. Art. 28.), 

= . /[ ) > by a property of the parabola, 

V 

« — cos a. 
9 

29. Let QQ be any portion of a projectile's path ; V the 




middle point of the cord QQ! i P the point where the diameter 
PV meets the parabola; the particle describes the portions 
QP and PQ in equal times. 



1 
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To prove this, let T be the point in PK where the tangents 
at Q and Q meet; also draw QT vertical and therefore parallel 
to P Vf to meet the tangent at P in T, We have seen that 
the time of the particle's moving from Q to P equals that of 
its falling by gravity alone from T to P ; and similarly its time 
from P to Q' equal time of its falling from T to Q, Now 
by property of the parabola PT is parallel to QQ', and also 
TP^PV, 

therefore TQ = PV^ TP, 

Hence the time of falling through each of these spaces 
is the same, and the proposition is proved. 

If therefore T represent the time of passing from Q to Q', 
T equal twice the time of falling through P V 



-wm- 



It is easily seen that this form immediately gives the value 
of r already obtained for the time between A and the vertex. 

Again, the time from Q to Q' equal twice the time from 
P to Q', but the time from P to Q is the same as the time in 
which the particle would have described PT under the in- 
fluence of the velocity alone which it had at P, equal ^the 
time in which the projectile would have described QQ with 
the same velocity; hence the time from Q to Q' is the same 
as the time in which the particle would have described the 
chord QQ with the aforesaid velocity. This result may be thus 
enunciated : A projectile describes any arc of its parabola in 
the same time in which it would describe a distance equal to 
the chord of that arc, if it moved uniformly with a velocity 
equal to that which it really has at that point of the arc 
where the tangent is parallel to the chord. 

30. The following formula for determining the point where 
the course of a projectile meets a given line passing through 
the point of projection is often convenient. 

Suppose the particle to be projected from the point A with 
a velocity V in the direction AG. 
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Let a be the inclination of AO to the yertical^ B the 




point when the curve meets the given line AB, and /3 the 
inclination of AB to the horizon. Draw OBD vertical and 
therefore parallel to the axis of the parabola : then by a pro- 
perty of the curve, if AS be the distance of A from the focus, 

^Cr - ^AS.BG. 



Now AS^ — , 

and from the figure AO^AB 



cos/3 
sina 



BG~AB^^^?±^i 



therefore by substitution. 



sma 



AB 



cos'0 2 V* 



cos (o + 0), 



therefore 



sina g 

g co8'/3 

Also if T be time of passing from A to B, 

T ^^ = ^^ ^21^ 

g cos ^ 

If the initial direction of the projectile had made an angle 
a with the line AB instead of the vertical, and if in this case 
B' had been the point where the parabola described by the 
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projectile met the line AB, we should get the value of AS 
from the above expression for AB by putting < — (« + i3)> 
instead of a : but the result of this substitution gives 

g cos*/3 

2 7"* sin g cos (a + j3) 
g co8'/3 

^AB; 

which shews that B and B^ coincide; or that there are two 
directions in which a particle may be projected with a given 
velocity from a point A, in order to strike a given point, 
as B, these two directions being equally inclined to the ver- 
tical and to ^0. 

31. It would be beyond our limits to attempt here to in- 
vestigate the motion of a particle under the action of any 
more complicated system of forces than appears in the case 
of a projectile; but there is a theorem asserting in some 
degree a relation between forces and the nature of the path 
which they cause a particle to describe, which requires a frdl 
explanation; it gives rise to the definition of wJt is termed 
Centrifugal Force. 

If a particle be in motion unacted upon by any external 
force, the First Law of Motion asserts that it will continue to 
move uniformly in the same straight line. If now a force be 
applied to it having the same line of action as that in which 
it is moving, it will still continue to move in the same straight 
line but with a varying velocity according to the nature of the 
force; but if a finite force at right angles to its direction 
be alone applied to it, it will begin to alter the direction of 
its motion, the velocity manifestly remaining the same. 

If both these forces act simultaneously upon the particle, 
they will by the Second Law of Motion be equivalent to a 
single force acting on the particle obliquely to the direction 
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of its motion, whose effect will be to alter both the velocity 
and direction of the particle's motion. 

Hence we not only see that a particle describing a curve 
must at every instant be under the action of some forces 
which are not coincident in direction with its motion, but 
also that if all the forces acting upon it at that instant be 
resolved into two, one in the direction of motion and the 
other perpendicular to it, the sole effect of this last is to 
make the particle move in the curve instead of in the straight 
line which is the tangent to the curve at the position of the 
particle ; i. e, it draws the particle in the next instant of time 
away from the tangent, and has therefore a proper dynamical 
effect: we may however speak of it as acting to keep the 
particle in the curve, and therefore as counteracting an ima- 
ginary tendency on the part of the particle to fly out of it 
in the direction of the normal. The supposed force necessary 
to produce this tendency on the particle is termed Centrifugal 
Force, 

From this explanation it follows that centrifugal force is 
not a real existent force acting upon the particle, but merely 
a statical measure in an opposite direction of the resolved 
normal force acting upon the particle, whose office is to draw 
the particle into the particular curve which it is describing. 
It is convenient to call this normal force the Centripetal force 
acting upon the particle, and then the Centrifugal force may 
be defined to be a force equal and opposite to the Centripetal. 

32. We can illustrate what has been said by the example 
of a particle moving uniformly in a circle : of course in such 
a case the only force acting would be the centripetal force, 
which might be provided by the tension of a string, as when 
a ball is whirled round horizontally, or might be the re- 
sultant of any other assigned forces. Suppose that when the 
particle comes to a point P, the force or forces which act 
upon it suddenly cease; it would then, by the First Law of 
Motion, continue to move in the tangent PT to the circle 
with the velocity which it had at P : let Q be the point at which 
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it would thus arrive in a small time f. Let now Q be the 
point in the circle where it really does arrive in the same 
time ; then it is clear that the effect of the centripetal force 




in that time has been to draw the particle through a dis- 
tance Q Q: but according to the explanation above given, 
the effect of the centripetal force may be otherwise looked 
upon as serving to keep the particle at Q in opposition to 
that of the imaginary centrifugal force, which tends to draw 
the particle from Q back to the tangent. 

It is not difficult to calculate the centripetal force ne- 
cessary to act upon the particle at every point P of the 
circle in order to make it describe the curve uniformly with 
the given velocity t?. 

While the particle passes from P to Q, the direction of 
the centripetal force acting upon it is continually changing, 
for it must always be normal to the circle and therefore pass 
through the centre O : but if we take Q sufficiently near to 
P, we may suppose that for the very small arc PQ the 
centripetal force remains parallel to itself and of the same 
intensity as at P; in other words, that the arc PQ is de- 
scribed by the particle under the action of a velocity which 
would of itself carry it uniformly along PT, and a constant 
force perpendicular to PT equal to the centripetal force at 
P. Hence if we draw QR perpendicular to PT, by the 
Second Law of Motion (see Art# 12), RQ is the distance 
through which the particle would fall from rest under the 
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action of the centripetal force at P alone, in the same time 

as that in which it would describe PR with a uniform 

velocity e. 

If ^ be this time, and f the measure of the accelerating 

force which the centripetal force exerts upon the particle, 

we thus get 

PR^vt QR^ \fe, 

and therefore / = »' -=r:= . 

^ Pie 

Draw the diameter PK and join QK^ QP; then from the 
similar triangles PQK, PRQ, 

QR: QP:: QP : PK, 
therefore by substitution 

-^^iPKypR) • 

But by Newton {Lemma vii. § 1.) as Q moves up in- 
definitely close to P, the ratio of PQ to PR approximates to 
and ultimately becomes unity; hence, as our hypothesis be- 
comes justified only when Q is indefinitely near to P, we 
have, putting r for the radius of the circle. 



e 



/■-■ 

S3. Since a very small arc taken at any point in a curve 
is coincident with the arc of the circle of curvature at that 
point, and its deflection from the common tangent at that 
point the same, it will follow that a particle moving in that 
curve and having a velocity v at the proposed point, is for 
the instant in the same circumstances as if it were describing 
the circle of curvature at that point with a uniform velocity 
0. Hence, putting p for the radius of this circle of curvature, 
the normal accelerating force acting upon the particle at this 

point of the curve must be ~ ; and therefore this must also 

represent the accelerating centrifugal force upon the particle, 
estimated as the force which would counteract the accelerating 
normal force. 
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34. It is sufficiently clear from the foregoing explanations 
that in the case of a particle moying uniformly in a circle^ 
a force equal to the centrifugal force would^ if applied to 
the same point with the other forces which produce the 
motion^ preserve equilibrium. Hence many problems of this 
nature may be solved as statical problems: this is an artifice 
of general application in the higher parts of Dynamics. 

35. Sometimes we find a particle constrained by various 
circumstances to move in a particular course only. Thus a 
particle placed upon a hard surface and acted upon by 
gravity can only slide upon the surface; if within a small 
tube^ it can only move along the tube: in such cases just 
so much reaction of the surface is called forth as will, with 
the other forces acting upon the particle^ produce a resolved 
force in the direction of the normal able to draw the par- 
ticle into the curve formed by the constraining surfaces: if 
the surfaces be smooth this reaction is always normal to them, 
and its sole efiTect is upon the course of the particle; it does 
not alter its velocity; the alteration that does take place in 
the velocity is therefore wholly due to the action of the 
other forces. 

36. In the following simple tase the law of the alteration 
of the particle's velocity is easily obtained. 

Suppose the particle to be constrained to move along the 
smooth curve OL, the only force acting upon it, besides the 
normal resistance of the curve at every point, being a force 
which is constant and always parallel to 00': then the in- 
crease of velocity attained by the particle in passing from O 
to any point A in the curve, is the same as it would acquire 
if it were drawn from by the force alone, which is parallel 
to OO', to a point JT, defined by letting fall a perpendicular 
from A tipon Off* 

For, take A' the point in the curve immediately succeeding 
Ay so that AA' produced may be conceived to be the tangent 
at A. Draw AB parallel to 00'^ and AB* perpendicular to 

r 
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A A' ; these are respectively the directions of the forces acting 
upon the particle at A; their resultant^ that part of the normal 
force which produces the deflection being omitted^ is by question 

Oi 




in the direction of the particle's motion, i,e, along AA'i if then 

the parallelogram A! M* AM he completed, AM\ AM, and A A 

are respectively proportional to the normal force upon the 

particle at A, the force parallel to Off, and the resultant of 

these two, which produces the alteration in the particle's 

velocity : let the force along OK and the resultant along 

AA be represented by / and /' respectively, then 

/':/:: AA : AM (1). 

Let f> be the velocity which the particle had at A, t>' that 

which it has at ^' ; if then we suppose /' to be constant 

while the particle moves from A to A, as we may since AA 

is very smaU, 

©'» - t?» + 2/'^^', Art. (26) 

AA* 
= t?' + 2/-2^, from(l): 

but if JVbe the point where the perpendicular AK' meets ARy 

by similar triangles 

AA" « AM.AN; 






(A); 
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therefore ©'» = ©'+ ^fAN\ 

or drawing AK parallel to ^K\ 

Similarly, if A^A^^ • • • « . A^A be points in the curve 
indefinitely near to each other, A^K^.^ A^K^. ^ ^ kA^K^y AK 
perpendiculars from them upon OO^ t?,, o^ . . . 4 o the velocity 
of the particle when at those points respectively, V its velocity 
when at O, we have the following series of equations, 

< " »,' + 2/ffi jr„ 

&C. a &C. 

r' = v: + 2/2r,2r, 

therefore adding, 

t?« - r^+ 2/(0ir, + K,K, + ..,. + jr^iT) 
= F» + 2/ojr: 

We see tfaereforei that the square of the vdocity tohich the 
particle has at A is equal to the square of the vdocUy which 
it had at O, increased hy the square of the velocity which the 
force f would alone generate in it, in draunng it from rest 
at O to K. 

Had the force ^ acted in the opposite direction, our equation 

would have been 

!,» = r» - 2fOK; 

hence in this case we must put diminished for increased in the 
above assertion. 

A particular case of this kind of motion is that wherein 
a particle slides down a smooth surface under the action of 
gravity; by the above form we see that the alteration in its 
velocity is eicactly the same as would be produced if it fell 
through the same vertical distance under the action of gravity 
alone. 

p 2 
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Examples to Section III. 

(1). The time of a particle, under the action of gravity, 
describing any arc of its parabolic path, bounded by a focal 
chord, is equal to the time of faUing from rest vertically 
through a distance equal to the length of that chord. 

Let PSP' be any such chord, and let the tangents at P 




and P' meet its diameter KQ V in K\ then, by the property 
of the curve, JT is in the directrix and KQ = QV. 

Now the time of describing PQP equals twice the time 
of falling by gravity from JST to Q, (Art. 29), 

2KQ\ 






; 



axr\ 



) 



9 

2PF\ 

But this last ratio is the time of describing the length 
PP from rest, under the action of gravity; therefore the 
proposition is proved. 

(2). The velocities at the extremities of any chord of the 
parabola described by a projectile, when resolved in a di- 
rection perpendicular to the chord, are equal. 
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Let PP be any such chord, T the point in its diameter 
TQ V where the tangents at P and P' intersect : draw PJT, 




PK' perpendiculars to the direction KK\ Then the velo- 
cities at P and P" are those due to falling by gravity through 
the lengths KP, K'P' respectively. 

"We have, by a known property of the curve, 

PT ^^PK . TQ, 

and P'T'^^PK'.TQ; 

therefore PT* : PT* r.PK: PK' 

:: (velocity at P)* : (velocity at PJ. 

Therefore PT and PT are respectively proportional to 
the velocities at P and P' : and if TL be drawn perpendicular 
to PP it must be proportional to the resolved part of either 
of them perpendicular to the chord; which proves the pro- 
position. 

(8). A body is projected with a velocity v in a direction 
making an angle /3 with the horizontal plane from the deck 
of a ship which is sailing in a direct course with a uniform 
velocity u, and hits a mark in the wake of the ship and in 
the plane of the deck at a given distance from the point of 
projection. Shew that if a be the angle of projection at which 
the body propelled by the same force would hit the same 



ei4 



DYNAMICS. 



mark had the vessel been at rest^ then 

V 2 sin 3 

u sin2j3- 8in2a* 

Let a be the given distance of the mark^ t the time in which 
it reaches the mark ; then^ in the first case, since its horizontal 
velocity is o cos/3 - ti, and its vertical is v 8in/3> we have, by 
resolution of motions (Art. 13), 

a = (t> cos /3 - u) t, 

and gt » 2v sin/3 ; 

2v 
therefore a - (r cos/3 - ti) — sin /3. 

Similarly, we should get in the second case 

2v . 
a B f cosa — sma; 

9 
therefore (i> co6/3 - u) sin0 «« v cosa sina. 



therefore - 



V sin^ 2 sin/3 



u oos/3 sin/3 - coso sina 8in2j3 - 8in2a * 



( «15 ) 



SECTION IV. 



MOnON OF A BODY. 



S7. In the foregoing investigations regarding the move- 
ment of a particle, we have obtained formulae connecting 
together the symbols which represent the numerical measures 
of the various quantities, space, time, velocity, and force: by 
the aid of these formulae, if a sufficient number of these quan- 
tities be given in any proposed case, the others may be found 
by simple analytical processes. But it is important here to 
recollect, that the measure of force involved in these formulae 
is the measure of the ctccelercUing force exerted upon the par' 
ticular particle under consideration. As then (Art. 7) the 
measure of any given force, estimated as an accelerating force, 
varies with the mass of the different particles to which it is 
applied, it becomes necessary for us, before we can use our 
formulae generally, to investigate the relations which hold be- 
tween the masses of particles, forces applied to them, and the 
accelerating effects which they produce. 

38. The meaning of the term Mass has been already 
(Art. 7) explained : we must now define how it is measured. 

Def. The masses of bodies, considered as material points, 
are proportional to the forces tohich wHl generate in them respec- 
tively the same velocities in the same duration of time. 

This definition of the measure of mass, like that of the 
measure of accelerating force, is not abstract ; it requires to be 
justified by experiment: for supposing two bodies to coalesce, 
whose masses are equal by the above definition, that is, two 
bodies in which equal forces would generate the same velocities 
in the same time ; the body formed by this combination would. 
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of course^ have a mass equal to twice the mass of either of 
the bodies so combined, and ought therefore, in order to be 
true to the definition, to require twice as great a force as 
either of them to generate a given velocity in it in a given 
time: but that this is really the case can only be known as 
the result of experiment.* 

39. If we define the momentum of a body at any time to 
he the product of its mass into the velocity which it has at 
that time, the results of the experiments alluded to can be 
easily enunciated in the form which is known as. 

The J%ird Law of Motion. Forces are proportioned to the 
momentum which they generate in any mass in the same time. 

Hence, if a force represented by F generate a velocity V 
in a mass it/ in a unit of time, we have 

where C is some constant whose value depends upon the con- 
vention which we make with regard to the units of force, 
mass, and velocity. 

It is convenient to assume these units, so that C» \y and 
therefore F^MV. 

This makes jif = 1, when F and V are put each equal 
to 1 ; which implies that the unit of mass is the mass of 
that body in which a unit of force will generate a unit of 
velocity in a unit of time. 

40. Hence, upon the usual supposition that a second is 
the unit of time, that the velocity which would carry a par- 
ticle over a foot in one second is the unit of velocity, and 
that the force which the earth's attraction exerts dynamically 
upon a pound weight of matter is the unit of moving force, 
the unit of mass would be that in which a force equal to a 
pound weight would in one second generate a velocity such 
as would alone carry it over a foot space in the next second. 

♦ See next Section. 
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41. In the formula 

F^MV, 

V is the velocity which the force generates in 1", in the body 
whose mass is M; it is therefore, according to Art. (6), the 
measure of the accelerating force which F exerts upon M\ 
F itself is called the measure of the moving force. This ac- 
celerating force may very well, in consistency with the sym- 
metry of our notation, be represented hjf, so that 

F^Mf; 
therefore f'^-r^* 

It is now evident, that in investigating the motion of a 
material particle, or of a body which we can consider, as 
regards its motion, to be condensed into one point, we shall 
obtain the accelerating force required for our formula, by 
dividing the measure of the whole moving force applied to 
the mass by the measure of the mass which is moved by it. 

This principle is illustrated by the examples which follow. 

42. Before however entering upon them, it may be as well 
to explain the nature of one force, that of gravity, which 
plays an important part in most of them. We have already 
become acquainted with it as a statical force, and have de- 
nominated it weight. It has been conveniently represented 
by the symbol W, 

Upon considering it with reference to Dynamics, we find 
that all bodies submitted in vacuo at the same place to its 
free and unrestricted action acquire the same velocity in the 
same interval of time, whatever may be their individual mag- 
nitudes or natures ; we must therefore conclude that the whole 
force, i.e. the moving force which gravity exerts upon any 
body, is always proportional to the mass of that body. (Art. 41). 

It is also found that the velocity which a body, falling 
from rest under the action of gravity alone, acquires, is always 
proportional to the square of the time of falling: but this 
result is only true of a body moving under the action of a 
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constant force (Art. 18); hence the accelerating force of gravity 
is the same for all bodies at the same place ; it is usually repre- 
sented by ^; its numerical value has been already explained. 
Art (14). 

Hence we have by Art. (39), if W be the moving force 
of gravity exerted upon a mass M, 

W - Mg. 

Of course, in consequence of the convention of Art (40) 
with regard to the unit of mass, fV' is estimated in terms of 
the moving farce which gravity exerts upon a pound weight 
of matter : now the Second Law of Motion asserts that there is 
no difference in the intensity of any force, and therefore of 
gravity, whether it be acting upon a body at rest or upon 
a body in motion, and therefore for W we may put TV; hence 

TV^Mg, 

where W is the statical measure of the force which gravity 
exerts upon a mass M. 

43. The remark that was made in Art. (9) respecting 
the accelerating force of impulses, is equally applicable to 
their moving force. Impulsive forces, like all finite forces, 
are proportional to the momentum which they generate in 
a given time ; but as their time of action is by definition in- 
conceivably short, and may therefore be considered the same 
for all of them, they are measured by the momentum which 
they have generated at the end of the time of their action. 

44. In the elementary part of our subject we are but little 
concerned with impulsive forces, except as they arise from 
the impinging of one body upon another : but before we pro- 
ceed to consider problems of this class we must become ac- 
quainted with two important experimental facts. 

The Jirst of these is included in the assertion that Action 
and Rectction are equal and opposite. We have already em- 
ployed this principle very extensively in Statics. When two 
surfaces were supposed to be in contact, we assumed that their 
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mutual pressure was the same for both in intensity^ but opposite 
in direction. The hand that presses upon the table is equally 
pressed back by the table : the stone that Ijing on a pumpkin 
crushes it with its weighty is acted upon by an equal force 
in an upward direction: the string or rod which transmits a 
force from one body to another^ is only a medium by which 
the same force is exerted upon both bodies in an opposite 
direction. And generally, by whatever means, whether by 
connecting rods, strings, or by iuTisible and immaterial bonds, 
as in attraction, one body exerts a force upon another, the 
second exerts the same force in an opposite direction upon 
the first. Experiment leads us to the conclusion that this 
principle is true, as well in Dynamics as Statics, and equally 
so in regard to impulsive as to finite forces. 

The second may be stated thus: If two spherical bodies 
moving uniformly in the same straight line approach each other 
so as to impinge the one upon the other, immediately after 
the impact they will recede from each other : it is always found 
that the velocity with which the two bodies recede from each 
other after impact, bears to the velocity with which they ap- 
proached before impact a ratio which is constant for bodies 
of the same substance and independent of the actual velocities 
of the bodies. This ratio is called the modulus of elasticity 
of the bodies, and is never greater than 1 : when it equals 1 
the bodies are said to be perfectly elastic, when less than 1 
they are imperfectly elastic. 

45. If the two bodies be not moving in the same straight 
line, we may resolve their respective velocities into two parts, 
one along the common tangent to the two bodies at the point 
where they touch, and the other perpendicular to it ; then the 
resolved velocities perpendicidar to the common tangent follow 
the law just enunciated, while the resolved velocities ak)ng 
the tangent remain unchanged, if the bodies be smooth. 

46. These residts may easily be accounted for by supposing 
the impact of the two bodies to be separated into two parts: 
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after the two surfaces have come in contact the centres of the 
spheres will still approach each other for a short period^ and 
thus the two bodies will be compressed ; the mutual force which 
they exert upon each other at this time may be called the force 
of Compression ; as soon as this force has reduced the velocities 
of the centres to an equality so that they no longer approach 
each other f the elasticity of the bodies will then cause them to 
strive to return to their original shape, and thus produce a force 
tending to separate them, which may be called the force of 
Restitution. If we assume that in the same bodies the force 
of restitution bears to that of compression a constant ratio inde- 
pendently of the initial velocities of the bodies, we shall upon 
investigation discover that the relative velocities of the spheres 
before and after impact are connected by the relation which was 
enunciated above. 

47. The foregoing data enable us to solve the following 
general proposition respecting the impact of two spheres. 

Two spheres A and B, whose masses are M and if re- 
spectively, and elasticity e, are moving in the same straight 
line with velocities V and V, required their velocities after 
impact. 

We will suppose them to be both moving in the same 





direction, that A is the hindmost sphere, and that V is greater 
than v. Let v and v' be their respective velocities after impact. 
By the principle that action and reaction are equal, the 
same force acts both upon A and B at the instant of impact, 
it generates momentum in B because it accelerates its motion, 
but it destroys momentum in A ; therefore, since the time of 
the action of this force is identical for both bodies, we must 
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have the momentum generated during the impact in Bj must 
equal that destroyed in A^ and therefore 

or Mv + M'v' - Jf r+ M'V (I). 

This equation asserts that the sum of the momenta of the 
two bodies is the same both before and after impact. It is 
not difficult to see that this is only another form of declaring 
the principle of the equality of action and reaction. 

Again^ from the definition of elasticity we have 

v' -v»e{V-V') (II). 

Between (I) and (II) we get immediately 



t> « 



M-^ M' 



MV-^M'V'-\-Me(V' V) 
J!f+ M' 



(a), 



which giyes the relocities required. 



48» If B had been moving towards A in the first instance^ 
the numerical value of its velocity being as before equal to V, 
the total momentum of the system would have evidently been 
MV- M'V 9 and the relative velocities of A and B^ V+V; 
hence this case would be derivable from (I) and (II) by affect- 
ing V with a negative sign ; and generally^ if velocity in one 
direction be considered positive^ that in the opposite direction 
will be correctly indicated by the negative sign. 

49. If B were fixed, i.e. if A impinged upon a fixed 
obstacle^ we should have directly from (II), since in that 
case both V and v' must equal zero, 

that is, A would bound back from B with a velocity equal 
e times that with which it approached B. 

This same result can be obtained from (a), for putting 
V equal 0, we must suppose B to remain at rest after impact, 



L 
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because its mass is so great with respect to that of A, that 
the velocity generated in it is inappreciable; this supposition 
would give us 

-— = 0, and therefore from (a) 
M 

r' = 0. 

If the impinging bodies were inelastic they would not, by 
definition, separate after impact; indeed in that case, since 
« a 0, equations (a) give us 



Examples to Section IV. 

(1). Two weights of 5 and 7 lbs. respectively are connected 
by a string which passes over a smooth pulley : find in pounds 
the tension of the string. 

Let M and M' be the masses of the two weights, so that 
Mg and M'g are the moving forces of 5 and 7 lbs. respectively : 
let also T be the moving force of the tension of the string. 

Then the accelerating force acting upwards upon the 5 lbs. 

weight must be = — ^i^ I and the accelerating force upon the 

7 lbs. weight acting downwards must be = — ^^ — . 

M 

Now since these bodies are connected by a string of con- 
stant length, the velocities which they acquire in any time 
must be the same for both, in an upward direction for the first, 
in a downward for the second : therefore the aecderating force 
upon each is the same ; 



MOTION OF A BODY. 



223 



therefore 



T-Mg Mg- T 



therefore the tension » j[§ of 7 lbs. » |^ lbs. 

(2). Two equal bodies connected by a string are placed 
upon two planes which are inclined at angles a, a to the 
horizon and have a common altitude: prove that their centre 
of gravity will move^ as to a vertical direction^ as if acted upon 



a - a 



by an accelerating force » g sin' coa 



a a + a' 



2 2 

Let PP be the masses of the bodies^ O the position of 

c 
p 




their centre of gravity at any time ; Pp, P'p\ OQ' perpen- 
diculars drawn upon the vertical through C the common vertex 
of the planes. 

Then since PG : PQ : : P' : P, we get 

CG' {P-^F)^ Cp.P + Op\P' 

- CP sin a.P + CP sin d.P. 

Now it can be easily shewn^ as in the last example, that the 

accelerating force upon both P and P* is ■» = — =; g; 

therefore if / were the value of CP when the bodies started 
from rest, and t the time since that instant, 

I P sin a - P sin a' 



Similarly, if t were the original value of CP, 



gt^ 



n-rv V 1 P Sin a - P^ Sin a ^ 

CPt^V — = — = gfi 

2 P^ P ^ ' 
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therefore, by Bubstitution above, we get 

^^, I sin a,P + r sin ci.P 1 / P sing - P* sin « Y ^ 

^^ pTp^ ""2^^ P^P' ) 

Now this is exactly the formula for the motion of a particle 
in the vertical direction under the action of an accelerating 

. /Psina-P'sina'Y 
force (^ p-^ j g. 

If P equal P', this becomes f — j g 

* sm cos a* 

2 2 ^ 

(3). An imperfectly elastic ball is projected at an angle 
of 45^ against a smooth vertical wall, the motion taking place 
in a plane perpendicular to the wall: after impact the ball 
strikes the ground between the wall and the point of pro- 
jection, and rebounding once more reaches the point of pro- 
jection. 

Shew that if a be the distance of the point of projection 
from the wall, and h the height above the ground of the point 
where the ball strikes the wall, then 

. \ -ee' 

b^a ; 

1 + c 

where e is the ratio of the elasticities of the ball and wall, 
and e that of the ball and ground, which is supposed perfectly 
smooth. 

In the annexed figure the dotted curve -4C7, CB, BA 
represents the path of the particle. 

Let AT he the direction of projection making an angle a 
with the horizontal plane ACK; also let V be the velocity 
of projection : by the question AK = a, KB = J. 

Upon the balls rebounding at J5, the velocity resolved 
vertically remains unaltered, but the part resolved horizontally 
is changed in the ratio of e: I. (Arts* 45, 49.) 

Also at C the vertical velocity is changed in the ratio of 
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e : I, but the horizontal velocity is the same as it was after 
rebounding from B. 




Let i be the whole time between starting and returning 
to A; then ^ is the time in which the ball would traverse 
AK with the resolved horizontal velocity at A continued 
uniform^ together with the time in which it would return 
over the same space with the resolved horizontal velocity^ 
after rebounding from B; 



therefore 



t 



a 



a 



Kcos eVco^a 
a 14 



Kcos 



e 



Again^ in this time t the body ascends to^ and descends 
from the highest point of the parabola BO; it also ascends 
to, and descends from the highest point of the parabola CA : 
in other words, in the time ty gravity destroys and generates 
the vertical velocity V sin a, while the body describes BC; 
it also destroys and generates the vertical velocity e'V sin a 
in the curve CA; therefore 



. ^ Fsina _ e'V Ana 



V sin o, ,^ ,. 

2 (1 + 0; 



2£6 
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therefore^ equating these two valaes of t, we get 

a I -¥ e 



Fcos 



e 



^ Fain a . ,^ 



or 



2 — sin a cos a 
9 



1 +« 



Again^ if S were the focus of the parabola AB, 

AT^^A8.TB, 



(1). 



or 



or 



AK^ 

COSa* 



2V* 

--(AKtajia-b\ 

9 



or 



g cos'o (a tan a - 4) 

Substituting in (1) and putting a » 45''^ we find 

a" 1 + g 

a - ft e(l -f e)* 

a (tf 4 ec) = (a - 4) (1 + e)'y 

1 -ee' 



(2> 



therefore 



1 -¥€ 



(4). A stone weighing Jib. attached to the end of a string; 
3 feet in length, of which the other end is fixed^ is made to 
revolye horizontally at the rate of three turns per second. Find 
the inclination of the chords and its tension. 

Let AB be the strings length ly B the stone whose mass 
is My and v the velocity with which it is ^ 

revolving. 

Draw BD horizontal meeting the /q 

vertical through ^ in jD. 

Since the body is moving in a hori- 
zontal circle whose radius is SDy « r 
suppose^ under the action of the tension ^ 



T o£ the string BA, and its own weight M^^ 
Mg, these two forces must be equivalent 
to a centripetal accelerating force upon S 
in the direction BD and of the magni- 

tude - (Art. 32> 
r 




piff 
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^ 



Hence if we apply to £ a moving centrifugal force Jfcf — in 

the direction of DB produced^ it would keep equilibrium with 
the forces 7 and Mg in their own directions. 
Let BAD be represented by B^ then we have 

T 1 



Mg COS0 



(i;. 



*' ^^ (2), 



Mg COS0 






which ffives tan # = — . 

rg 

Now since the velocity is such that three times the circum- 
ference of the circle is described in a second^ 

therefore t? » 3 x circumference 



therefore 





- 6»r; 






110 


36ir'r' 
rg 


» 367r* - 
9 








9 


Bin0; 


1 
cos 


^.36.' 


- - 36,r» 
9 


3 
32.2 



therefore j. = 3^'- - 367r* — -^ (a). 

cos e g 3" " 

Hence from (1), since 7= ^ lbs., 

4 cos 9 

32.2 
= 8.278 lbs. 
From (3) may be found to equal 88'' 16' nearly. 



q2 



C 228 ) 



SECTION V. 



PHYSICAL LAWS. 

50. In the preceding pages we have made some of the 
various phenomena of Mature^ such as force^ space, velocity, 
&c., the subject of our definitions for the purpose of dis- 
covering the relations which exist between them under given 
circumstances: this may be said shortly to be the object of 
the science of Mechanics. In order to facilitate our investi- 
gations, we have represented the subjects of our definitions 
by algebraical symbols, and have determined formulae con- 
necting them, by a reference partly to these definitions, but 
chiefly to the nature of the subjects themselves ; hence, since 
every definition necessarily takes for granted a certain amount 
of knowledge concerning the things defined, we may say, 
what is indeed a self-evident necessity, that our science is 
based entirely upon laws which must be deduced from direct 
observation of nature. 

51. These laws have been distinctly enunciated at those 
points in the subject where their several applications first 
became necessary; but it may be useful here to give the 
following recapitulation of them. 

(1). If a force act at any point ^ of a body, its point of 
application may be transferred to any point B, in its line 
of direction, without producing any alteration in its eflfect 
upon the equilibrium of the body, always provided that B 
be connected rigidly in any way with -4, and that the direc- 
tion of the force remain the same as at first. 
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(2). The action and reaction of bodies upon one another, 
however they may be transmitted, are, estimated as statical 
forces, equal and opposite. 

(3). First Law of Motion. A material particle if at rest 
will continue at rest, and if in motion will continue to move 
uniformly in the same straight line unless it be acted upon 
by some external force. 

(4). Second Law of Motion. When any number of forces 
act simultaneously upon a material particle in motion, the 
instantaneous quality of each force as regards its intensity 
and direction is the same as if it had acted alone upon the 
particle at rest. 

(6). I^ird Law of Motion. Forces are proportional to 
the momentum whicB they generate in any mass in the same 
duration of time. 

Of course it is manifest, that it is only to the facts which 
these laws assert that we are obliged to pay regard. The 
number of the laws which any writer may choose to recog- 
nize, and the form of their enunciation, are matters almost 
arbitrary with him; some of them he may embrace in his 
definitions, and others he may enunciate in such a way that 
the remainder shall follow from them as corollaries. Amongst 
English writers it has been generally considered most con- 
venient to adopt the preceding arrangement of them ; although 
even with them there has been lately a growing disposition to 
look upon the I%ird Law of Motion as a deduction from 
First and Second Laws. 

52. We will now give a slight glimpse at the nature of 
the evidence upon which these laws are based. 

As the law (I) has been already sufficiently treated of in 
Statics (Art 15), it is not necessary to enlarge upon what 
was there said. It is as well however to remark, that it is 
sometimes included in the definition of the statical equality 
of forces: for instance, if it be defined that two forces are 
statically equal, when, upon being applied in the same straight 
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line but in opposite directioiifl to two points respeetively^ which 
are in anjr manner rigidly connected together, th^ keep those 
points at rest, the above law would result as a theorem. 
Thus, let the point of application of a force P be ^y and 



let B be any other point in its direction, rigidly connected in 
any manner with A, 

At B apply simnhan^eously two forces JR and P", bodi equal 
to P and in the line AB; and let P"*b direction be from 
and ihat of P' towards A. It is self-evident that the appli- 
cation of these forces cannot affect in any way the state cf 
the system. Then, by definition, P' ax^d P will counteract 
each other, and therefore their simultaneous action has no 
effect upon the system, hence they may be removed. The 
only force then lefb will be P, equal to and in the si^me 
direction with P, but applied at B; and it has been proved 
that the system under its action is in the same condition as 
it was under the action of P at A. Q.£.p. 

The meaning of the law (2) was explained in Art. (44). 
It is so often tacitly assumed in our consideration of the com* 
monest mechanical arrangements that occur in every*day life, 
that its truth is almost self-evident, and any striking iUustration 
of it rendered difficult. But it may be proved by the trans* 
mission of force from one body to another, through the medium 
of springs or elastic cords : the inspection of these will easily 
shew that the force transmitted to each body is the same* 

The laws marked (8), (4), (5), are usually termed empha- 
tically the Firsts Secondy and Third laws of Motion. 

It is obvious that the first of these could only be proved 
directly by the observation of the permanent state of a body- 
when all external causes of motion have been removed fronoi 
it : as this case can never be found in nature or produced arti- 
ficially, we must be content with as near an approximation 
to it as possible. In truth, we can only ascertain that the 
more the external influences acting upon the body are re- 
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moved^ the more nearly does its observed motion approach to 
that indicated by the enunciated law. 

Thus if a ball be rolled along a gravel path^ its velocity 
will rapidly diminish and it will soon stop altogether; if it 
be projected along a pavement^ its motion will be longer in 
its duration and more uniform; if along a piece of ice the 
motion will continue still longer ; and generally^ the smoother 
the sur&ce is upon which we roll it^ the farther and the more 
uniformly will the ball move : we are justified in imagining 
from this, that if we could entirely remove friction and the 
resistance of the air, which are only forces acting upon the 
ball, it would roll on for ever with the velocity which it had 
initially. Again, on a horizontal line of railway it is found 
that a constant power must be exerted by the engine in order 
to maintain a train once in movement at a tmiform speed ; it 
would therefore seem that the engine serves only to counter- 
act the constant retarding force of friction and of the air's 
resistance, and that then the velocity of the train continues 
uniform in obedience to our law. An instance of the practical 
use made of this law is afforded by the method which a rail- 
way labourer adopts for emptying ballast-waggons : the loaded 
waggon is impelled at considerable speed to the spot where 
its contents are to be deposited, it is then suddenly stopped, 
while at the some moment the front side of it is removed; 
there exists therefore nothing to stop the velocity of the 
loaded earth, which consequently continues its course without 
the waggon, and falls into the place for which it was destined. 
If a card be placed upon the tip of the finger, with a penny 
resting above it, it may be filliped away leaving the penny 
still resting upon the top of the finger. Instances of these 
kinds might be multiplied without number, and must be familiar 
to every person. 

The law (4), or Second Law of Motion, asserts that the 
instantaneous action of a force upon a material particle is, as 
regards its intensity and direction, in no way altered by the 
existence of velocity in the particle, or by the simultaneous 
action of other forces. It is evident that this law can onlv 
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be illiutrated by tbe exbibition^ as bc\B, of some of the results 
to which it would theoreticaUy lead us; such as the proper- 
tionality of accelerating forces to the velocities which they 
generate in a given time, and the law of composition of motions 
given in Art (12). An instance of the first of these will be 
adduced when the nature of gravity is treated o£ The second 
is of such universal occurrence, that it seems hardly possible 
that it should remain unnoticed by the most careless observer. 
A ball dropped from the window of a railway-carriage which 
is proceeding at full speed, will, when it reaches the groxmd^ 
be just vertically below the window, although in the time 
during which it was falling the carriage must have advanced 
a very considerable distance: this shews that when the ball 
leaves the hand, necessarily impressed with the same hori- 
zontal velocity as that which the hand or the carriage possesses, 
it moves in a forward directian, as if it were influenced by that 
velocity only, while at the same time it falls datontcards, as 
if gravity alone had acted upon it. 

If from a point at a certain distance ' above the ground 
one ball be projected horizontally, while another is at the 
same instant dropped, it is found that they both strike the 
ground at the same instant. 

A person walking steadily in a straight line will, if he 
throws a ball, as he thinks, straight upwards, find that it always 
falls into his hands again, and not behind him, as he might 
have expected that it would. 

These examples are evidently in conformity with the prin- 
ciple, that if two causes act simultaneously upon a body for 
a given time, which would separately have carried it through 
certain linear spaces in that time, then, by their united action, 
the body in the same interval arrives at the extremity of the 
diagonal of the parallelogram described upon these lines as 
sides. 

It is not easy to give simple illustrations of Law (5), or 
ITiird Law of Motion^ other than those afforded by the use 
of Atwood's Machine (see Art. 56). 
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58. It has been already observed with regard to this law^ 
that many mathematicians consider it so evident a deduction 
from the laws which precede it, that it ought not to be the 
subject of a separate enunciation, but should be more properly 
appended to them as a corollary. Their reasoning is some- 
what of this nature. 

Suppose a force represented by JP to generate in a given 
time a velocity r in a mass M; also in the same time let a force 
F' generate a velocity t?' in a mass M': JPand F' are estimated 
upon the consideration that forces are equal when in a given 
time they generate the same velocity in the same material 
particle. 

The velocity generated in M is the same as wotdd he gene- 
rated in any one of its units of mass separated from it hy a 

F 
force equal to =rr , <icting alone upon that unit for the given 

time. 

The same may be said with regard to a unit of mass sepa- 
rated from M\ 

Hence, since the unit of mass is the same for both, these 
velocities must be proportional by the Second Law of Motion 
to the forces which generate them ; therefore 

, F 
V :v ::-=-. 



or 



and therefore 

The assumption here made is distinguished by being written 
in italics; it is simply the same thing as that which the de- 
finition of mass asserts, i.e. the strict proportionality between 
masses and the forces which generate in them the same velocity. 
But this measure is, as remarked in Art. (38), only justified 
by the Third Law of Motion, itself or some other assertion 
equivalent to it: in the same manner as the Second Law of 
Motion proves the propriety of our measure of accelerating 
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force, does the Third Law proTe the correctness of our mea- 
sure of mass: as, therefore, it does not seem that this law 
can he deduced from the preceding kws without an accurate 
idea of the measure of mass, it can only stand alone as an 
experimental &ct, unless it be conceived that the measure of 
mass can be deduced from the Second Law of Motion. 

54. It must not be imagined that the laws which have 
just been enunciated, as well as those of anj other of the 
Physical sciences, depend much for their proof upon the 
eyidenoe of direct experiment Every natural phenomenon 
that we can observe is the result of many simultaneous causes 
which produce their effects in accordance with certain laws: 
it is almost impossible for us to isolate any particular cause 
and its effect, and so to ascertain immediately the law which 
connects them ; our object can only be effected by various ex- 
periments, all of which shall include the same cause under diffe- 
rent circumstances : a carefrd comparison of all the results may 
perhaps enable us to eliminate and ascertain the particular effect. 

After all has been done that the most accurate experiments 
can effect, the apparent laws obtained can only be considered as 
suggestions of laws. They are then assumed to be true, and 
calculations of the consequences of certain physical data are 
made upon them as such; the results of these calculations are 
then compared with the results of actual observation of the 
same physical circumstances, and it is in the exact accordance 
of these two results that the proof of the truth of these laws 
consists. 

Of all the Physical sciences that of Astronomy is by far 
the most complete, it may be said to be almost perfect: it 
not only accounts for every movement of the celestial bodies 
in tlie minutest particulars, but it boldly predicts phenomena 
which without its aid we could not have anticipated, and 
points out to us the existence of planetary bodies which ob- 
servation alone had failed to detect: we cannot conceive a 
more convincing proof that the laws upon which this science 
is based are rigidly true. When then we say that these 



PHTSICA.L LAWS. S85 

laws are none other than those which we have just been 
discussing^ we need not repeat that they rest upon a fsu: surer 
foundation than experiments, of the nature of those to which 
we have alluded in our illustrations^ could possibly afford. 

55. Before we close this section, we will say a few words 
upon the experiments which have been made relating to the 
nature of the force of gravity, and which lead to conclusions 
already stated in (Art. 42). 

The assertion that gravity impresses the same accelerating 
force upon every body which is acted upon by no other force, 
whedier it be great or small and whatever be its density, may 
seem at first to be contrary to our daily experience: for we 
are in the habit of observing that some things fall to the 
ground from the same height much quicker than others; for 
instance, that if a penny and a feather be dropped at the 
same moment, the penny will reach the ground long before 
its companion ; while indeed a soap-bubble or a balloon, when 
submitted to the action of gravity, actually rises instead of &lling. 
It is not difficult however to account for these anomalies: 
an atmosphere exists everywhere around us, which offers 
resistance to the passage of any object through it; this re- 
sistance depends for its magnitude solely upon the velocity 
and the form of surface of the moving body^ not at all upon 
its mass; and hence, in the case of two bodies which have 
the same form, since the moving force of the resistance would 
be the same for botb^ its retarding effect would be greater 
upon that body of the two which bad the least mass, and 
therefore of course the heavier body would reach the ground 
first. The upward movement of the balloon or bubble depends 
upon a somewhat different principle, which it belongs to Hy- 
drostatics to demonstrate; but still it is due to the action of 
the air. 

We accordingly find, that if we allow bodies to fall by the 
action of gravity in a glass vessel which has been exhausted 
of air, they all fall alike and reach the ground at the same 
instant, whatever may be their individual densities. If, how- 
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ever, the air be readmitted to the vessel^ and the experiment 
then repeated, all the inequalities in the bodies falling reappear. 
Such experiments as these leave no doubt that the moving 
force of gravity upon different bodies is proportional to their 
masses. 

In order to prove that the accelerating force of gravity, 
which has just been spoken of as being the same for all bodies, 
is also absolutely canstanty we must make it evident that, when 
bodies move under its action alone, their velocities are pro- 
portional to the time, and the space described by them to the 
square of the time. Considerable difficulties stand in the way 
of doing this by direct experiment. In two seconds a body 
falls 64 feet, and in four seconds about 256 feet; in four se- 
conds, too, it would acquire a velocity of 128 feet per second. 
Not only should we be liable to very great errors in noting 
such rapid movements, but the resistance of the air attendant 
upon them would be a very severe disturbing cause to. the 
free action of gravity. 

Various ingenious contrivances have been effected for di- 
minishing the intensity of the force of gravity without altering 
its nature. Galileo suggested the use of a smooth inclined 
plane for this purpose: the accelerating force upon a body 
sliding down such a plane would, if we neglected the small 
amount of friction, bear to the accelerating force of gravity 
the ratio of sin a : 1, where a represents the inclination of 
the plane to the horizon; by diminishing a, this accelerating 
force could be made as small as we pleased, and still would 
bear a constant ratio to the accelerating force of gravity. 

56. Of all contrivances of this kind Atwood's is by far 
the most complete. The annexed figure represents it. Two 
weights, whose masses are M and M', are connected by a very 
slight string, whose weight may be neglected : this string passes 
over a pulley -4, whose pivots rest upon the circumferences of 
two friction- wheels. BC is graduated to mark the distance 
which M describes in its movements, and KL is a clock 
attached to the pillar which supports the wheels at A, 
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If M and M' axe exactly equal, the whole system is in 
equilibrium ; but if M is greater than M'y 
it will fall by the action of gravity^ and 
will draw M' upwards. We may consider 
the moving force which gravity exerts 
upon the difference between the masses 
of M and M', i. e. upon M - M\ to be 
the whole force acting upon the system, 
because its moving force upon the re- 
maining masses destroy each other: but 
the whole mass thus put in motion by the 
weight of M- M' is if + M'\ therefore the 
accelerating force upon the whole system^ K 
and consequently upon My is equal to 

the moving force of gravity upon {M- M') 

mVm 

where g represents generally the accele- 
rating force of gravity. Hence we are 
provided with the means of observing the 
movement of M under the action of an 

accelerating force — — li^fQy whose ratio 

to the accelerating force of gravity is a constant quantity, 
and is capable of being diminished <id libitum. Whatever 
can be ascertained by the observation of the movement of M 
under these circumstances, with regard to the law of variation 

M-M' 




of the force 



if+J!f 



:,g^ must be true also for gi whilst the 



M- M* 
power of diminishing -^ — =^, jr, and therefore of making M 

move as slow as we like under its action, renders the requisite 
observations comparatively easy. 

It is convenient, in trying experiments with this machine, 
to make M heavier than M by placing a small bar of metal 
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upon it; movement will then immediately conunence^ and will 
be the slower the smaller the bar is: bnt whatever be the 
size of the bar^ it is always found that the spaces through 
which M descends in any times are proporticmal to the squaares 
of those times. 

If a ring P be screwed on to the graduated rod BC, of 
sufficient size to allow M to pass through it in its descent, 
but small enough to stop the bar which lies across My the sub- 
sequent movement of M ought, by the First Law of Motion^ 
to be uniform^ and of the same velocity as that which it had 
at P I because, with the bar, all moving force upon M would 
be removed. This is found to be true, and thus forms another 
illustration of the First Law of Motion. The space that M 
describes in the first second of time after passing P is, by 
our definition (Art. 2)> the measure of the velocity which it 
had at P, and which it had acquired by falling from rest 
to P. Wherever P be screwed, all experiments shew that 
the velocity acquired by Jf in falling from rest to P is pro- 
portional to the time which it occupies in so falling. 

Both of these experimental results, with regard to the space 

described and the velocity acquired by JIf in falling durmg 

any given time from rest under the action of the acceleratzng 

M " M 
force -r^ — i^^j lead to the conclusion that this force, and 
Jf + M 

therefore that the accelerating force of gravity upon all matter 

at the same place, is cansUmt. 

57. It is easy to see that by this machine we can .illufitrate 
both the Second and Third Laws of Motion. Art. (52). 
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68. We have seen (Art. 36), that if a heavy particle slide 




under the action of gravity down the smooth surface of a curve, 
as AKB, the increase which its velocity would experience in 
passing from M* to M is the same as would be acquired by 
the particle in falling freely from N* to N, the vertical distance 
between M* and My under the action of gravity alone^ the 
velocity in this case at N' being the same as that of the pro- 
posed particle at JiT. And similarly^ if the particle were 
moving upwards from M to JT, its velocity would be di- 
minished according to the same law. 

If^ therefore^ such a particle sliding from rest at a point P 
be not stopped by some extraneous force when it comes to K, 
the lowest point in the curve, it must evidently proceed to 
ascend the other side of the curve KB, until the velocity which 
it had at K be entirely destroyed by the action of gravity; 
which will be the case when it has risen to a point P", whose 
vertical height above K is the same as that of P. 

For an instant^ then^ the particle will be at rest, but will 
immediately afterwards commence sliding down PJT, and fronr 
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thence up to KP again. If nothing be altered in the cir- 
cumstances of the particle, it will repeat these alternate move- 
ments ad infinitum, and is usually said to oscillate firom 
P to P-. 

If the curve be synunetricai on both sides of the vertical 
through JTj it is not difficult to see that each length, PK, K'P, 
must be described in the same time, whether the particle be 
moving up it or down it; and therefore the time of osculation 
between P and P must be the same each way. Generally 
this interval will vary for different positions of P in the same 
curve; but there is one particular curve, called the cydaid, 
in which it is the same wherever in the curve P may be 
chosen : this is what is meant when it is said that the oscil- 
lations of a particle in a cycloid are isochronous. 

59. If a circle, as AMB, roll along a straight line ZAL, 

any fixed point in it, as M, l A. z 

will trace out the curve which 
is denominated the ct/doid. If 
ZL be horizontal, and the cir- 
cle roll along below it, the 
curve will be generated in 
the position required for the 
isochronous oscillation of a par- 
ticle along it. Let AB be the vertical diameter of this gene- 
rating circle in any given position, K the vertex or lowest 
point of the cycloid, and KL vertical ; the curve will be sym- 
metrical upon both sides of KLy and, by a known property 
of the curve, the arc KM will equal twice the chord BM 
of the circle. 

Now, if MM* be drawn perpendicular to KL, meeting AB 
in m, we have 

BM^ = BA.Bm = KL.KM' ; 

therefore KM = 2 ^{KL.KM '). 

Suppose a heavy particle to be sliding down this cycloid 
under the action of gravity, and let P be the point from 
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which it started from rest : draw PP perpendicular to KL ; 
then the velocity of the particle upon arriving at M will be 

If iV be a point in the curve indefinitely near M, we may 
suppose the particle to move from M to N uniformly with 
the velocity which it had at M, and therefore its time of 
passing from M to N 

MN 
~ 7{igFM) 

KM-KN 

" -JiyPM') 

_ 2 'jjKL.KM') - 2 ■JjKL.KN') 

Upon PK as diameter describe a semicircle^ catting MM' 
and NN' in n and n' respectively; join J^u, Priy and also 
Kuy Kn'y and let P'n meet Kn in o. 



Then 



j(KM'\^ j( KM\KP \ 
yl\PM') y[p'M\KP') 



and similarly ^(J^.) - ^ • 

Therefore time of moving from M to N' 

Since n and ft! are indefinitely near to each other, the angle 
nPo, and therefore riKo^ is indefinitely small; and therefore^ 
since the angles at n and n' are both right angles, the angles 
at 0, i. e. Pan and Kon', most be approximately right angles 
also ; therefore Kri « Ko approximately, and Kn - Kn' » on. 
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Hence time from M to 



-V( 



2JO/\ on 



9 J P'n 
= Ji—T- ] ^ (ai^gl^ »P'n ). 

The same may be proved of the time of falling between 
any two points of the curve indefinitely close to each other; 
therefore, adding all these times together, 

time of falling from P to JT «= ^ /[ ]^ ^9 

where ^ represents the sum of all the angles which the arcs, 
into which the semicircle is divided, corresponding to the suc- 
cessive small arcs of the cycloid, subtend at P : but the sum 
of these angles is the same as the angle which the arc of the 

whole semicircle subtends at P »- . 

2 



Hence time of passing from P to JT = ^ /[ 



)-v 



and, because the time of ascending the opposite side must be 
the same as this, for the reasons before hinted at, 

time of entire oscillation = 7 



VI 
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which is evidently independent of the position of P, and there- 
fore proves the proposition. 

60. We will now proceed to shew how a particle may be 
made practically to oscillate in a cycloid. 

C IC c 
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Taking the same figure as in Art. (58), let the axis K'L 
be produced to K^ so that LK = LK' ; complete the pa- 
rallelogram KLZC, and upon ZC as axis describe the semi- 
cycloid KSZi this will be similar and equal in every respect 
to the portion ZPK' of the original cycloid. In the same 
way let a semicycloid KZ' be formed, symmetrical with KZ, 
on the other side of KK\ 

It is a known property of the cycloid, that if a string 
having one extremity fastened at JT, and being wrapped upon 
KZy be unwrapped, beginning from the end Z in such a way 
as always to be kept stretched, its extremity, as P, which 
was at Zy will trace out the cycloid ZK' : for the same reason, 
of course if P be carried beyond K\ as the string wraps 
itself upon KZ\ P will describe the curve K'Z', 

It is very evident, that if a heavy particle be attached to 
the string at P, gravity will make it keep the string stretched ; 
and therefore if the particle be allowed to fall from any initial 
position, as for instance P in the figure, it will necessarily 
oscillate in a portion of the cycloid ZK'Z*y describing equal 
arcs on both sides of K'. 

What we have shewn with regard to the oscillation of a 
particle upon a smooth curve, went upon the supposition that 
gravity was the only force acting upon the particle, which 
was not normal to the path described ; now, in the case before 
us, where the particle attached to a string is made to describe 
a cycloid, the tension of the string is always in the direction 
of the normal to the curve, and gravity is the only other force 
acting: hence we have, as before, 

time of oscillation = ^r . /( - 




9 




or putting T to designate the time of oscillation, and calling the 
length of the string /, which is clearly the same as JOT', 

^ (A). 
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A partide cwdllatiTig in thk manner is osiially termed a 



It may not be without use to remark here, that the lengths 
/ and g mnst always be measured in the same mat of length ; 
and that T most be estimated in terms of the same unit of 
time as that which determines the valae of g. 



61. In making experiments with a pendulum of known 
lengthy the duration of an oscillation, and therefore the yalue 
of T, can be very accorately obserred; the yalue of g can 
then be deduced by equation (A) of Art. (60). This method 
of determining g i& bi more correct than that afforded by 
Atwood's machine, on account of the difficulty in the latter 
of determining the effect of the pulleys in retarding the motion. 

By this means it is found that the value of g varies at 
different parts of the earth's surfieure, according to a law which 
depends upon the latitude of the place, but that it is always 
the same at the same place. 

In the latitude of Greenwich the length of the pendulum 
whose duration of osciUation is one second, or of the seconds* 
pendulum, as it is commonly called, is 39.1393 inches; it be- 
comes shorter in latitudes nearer the equator, which apparently 
shews that the force of gravity diminishes. 

The pendulums which are used to regulate the going of 
clocks are commonly seconds' pendulums. 



Examples to Section VL 

(1). A pendulum which vibrates seconds at the earth's 
surface, is found to lose s seconds in t hours when taken to 
the bottom of a mine ; find the depth of the mine, supposing 
the accelerating force of gravity to vary as the distance from 
the centre of the earth. 
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If / be the length of the pendulum^ g the force of gravity 
at the surface of the earth, g' at the bottom of the well ; 



duration of an oscillation at the surface 



in the mine 

^9' 



"'^\/^ 
""\/j- 



therefore : :•• -r- J -7-; > 

60 X 60 X ^ 60x60x^-9 '^g ^g 



3600^ -« 



VI 



If now r be the radius of the earth, z the depth of the 
mine, we have by our supposition 



1, 



r 



Hence, by substitution, 

r \ seootj 

therefore z - ----- r nearly. 

3600^ ^ 



( U6 ) 



General Examples, 

(1). If 10 minutes were taken as the unit of time, and 
the numerical value of the accelerating force of the earth's 
attraction were 40, what would be the unit of length? 

(2). One railway train travels uniformly 20 miles in 40 
minutes, and a second 40 miles in an hour-and-a-half ; com- 
pare the velocities of the trains. 

(3). A man sets out to swim directly across a river whose 
breadth is b ; when he arrives at the other side, he is at a 
distance a below the point from which he started: shew that 
he will regain this point if he incline his course back again 
at an angle to the stream, such that 



tan 



fw e\ a 



Interpret the result when a is = or > J. 

(4). A particle acted upon by a constant force has a velocity 
with which, if it were free, it would describe 300 feet in a 
minute; and after 3 seconds it has a velocity of 2 feet per 
second : find the force referred to a minute as the unit of time. 

(5). Generally the velocity due to the force is V{2fs), which 
is independent of the initial velocity w, therefore the whole 
velocity * w + "/(^fs) : point out the fallacy of this reasoning. 

(6). A ball moving at the rate of 1000 feet per second 
loses § of its velocity in passing through a three-inch board*; 
how long is it on its passage (supposing the resistance uniform)? 

(7). Prove that the velocity acquired by a body in falling 
from rest from A to B, is a mean proportional between the 
sum and difference of the velocities with which a body in 
falling from any height passes the points A and B. 
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(8). A body falling to the ground is observed to pass 
through I of its original height in the last second; find the 
height. 

(9). A body is projected vertically upwards with a velocity 
2g; find the velocity with which another body must be pro- 
jected vertically upwards one second afterwards^ so as to strike 
the first at its highest point of elevation. 

(10). Two bodies are allowed to slide down an inclined 
plane from the same point, with an interval of 1" between 
the times of starting ; compare their distances from one another 
after l", 2", &c. 

(11). A heavy body has fallen from A to B when another 
body is let fall from a lower point C in the same vertical 
line; how far will the latter body fall before it is overtaken 
by the former? 

(12). A constant force acts upon a body during 3" from 
rest and then ceases. In the next S" it is found that the 
body describes 180 feet. Find the velocity of the body at 
the end of the second second of its motion. Also find the 
accelerating force, I*^ when a second, 2° when a minute is 
taken as the unit of time. 

(13). Two circles lie in the same plane, the lowest point 
of one being in contact with the highest point of the other; 
shew that the time of descent from any point of the former 
to a point in the latter, down the chord passing through the 
point of contact, is constant. 

(14). In a vertical parabola a tangent is drawn at any point 
P cutting the axis produced in T; shew that if gravity alone 
acts, the time of descent down TP bears a constant ratio to 
the time of descent from T to the focus. 

(15). Given the time of flight of a projectile on a horizontal 
plane and its initial velocity, find the greatest height to which 
it rises. 

(16). An arrow shot upwards attains a height of 200 feet: 
find the greatest horizontal distance the arrow may be shot 
with the same force. 
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(17). The length of base of a pyramid is ISO feet« its 
height 68; find the direction and least velocity with which 
a person standing at its foot may throw a stone over the top. 

(18). A body shot upwards is carried with uniform hori- 
zontal motion by the wind; determine its path and the point 
at which it falls. 

(19). A body is projected horizontally with a velocity 39 ; 
find the position of the focus of the parabola described^ and 
the direction of the body's motion after 3". 

(20). The time of describing any portion PQ of the para- 
bolic path of a body acted upon by gravity^ is proportional to 
the difference of the tangents of the angles which the tangents 
at P and Q make with the horizon. 

(21). When a body is projected from a given point of an 
inclined plane^ find the greatest distance from the inclined 
plane which it attains^ and its velocity in that position. 

(22). A balloon is floating at a known altitude^ with a 
horizontal velocity V; a ball is let fall from it, and is observed 
to strike a vertical wall at a height 6 from the ground : deter- 
mine the angle at which it meets the wall. 

(23). If a stone be dropped from the top of a tower at 
the equator^ determine the distance from the foot of the tower 
of the point where it falls. 

(24). Find the rate at which a carriage is travelling when 
the dirt thrown from the rim of the wheel to the greatest height 
reaches a given level. 

(25) A body slides down an inclined plane and raises 
another by a string over the highest point of the plane ; find 
the tension of the string. If the string at any instant were 
to break, what would be the subsequent motion of the bodies ? 

(26). A body descending vertically draws an equal body 
36 feet in 3" up a plane inclined 30*^ to the horizon; how 
far did it fall in the 1st second, and how far would it fall 
in the nth ? 
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(27). A constant force py acting upon a body^ generates 
a velocity e^ in ^ seconds; find the mass of the body. 

(28). Two weights, each of 7 lbs., hang by means of a 
string, whose weight may be neglected, over a fixed pulley; 
to one of them an additional weight of 2 lbs. is added, which 
is removed after the weight has fallen through 8 feet: find 
the time occupied in falling through the 8 feet, and also the 
time in which 8 feet would be described after the removal of 
the additional weight. 

(29). A railway-train is going smoothly along a curve of 

500 yards' radius at the rate of 30 miles an hour; find at 

what angle a plumb-line hanging in one of the carriages is 
inclined to the vertical. 

(30). A carriage of given weight moves on a railroad 
with a known velocity round a curve of known radius; find 
the amount by which the outer rail must be elevated above 
the inner one, in order that the carriage should not be over- 
turned. (Position of the centre of gravity of the carriage 
given.) 

(31). A string will just bear a weight of 16 lbs. without 
breaking : if a weight of ^ a lb. be attached to it, and whirled 
round in a horizontal circle whose radius is 2 feet, find the 
number of revolutions the weight must make in a second in 
order to break the string. 

(32). How does centrifugal force affect the apparent weight 
of a body at difierent parts of the earth's surface ? 

(33). From what height must a weight of 12 lbs. fall, in 
order that it may impinge upon the ground with the same 
efiect as a weight of 25 lbs. falling 6 feet? 

(34). A number n of equal inelastic balls are placed in a 
row on a horizontal plane. The first impinges on the second 
with a velocity of a feet per second, and the second impinges 
upon the third and so on. Find the velocity communicated 
to the last. 



250 DYNAMICS. 

What will be the time which elapses before the last body- 
is put in motion^ the balls being at equal distances b from each 
other ? 

(35). A, By C are the masses of three perfectly elastic balls 
in the order of their magnitudes. A strikes B at rest with 
a given velocity and drives it against Cy the distance between 
B and C being given^ and also the velocity of ^ ; find when 
A will overtake B. 

(36). Two imperfectly elastic bodies A and By moving 
with equal velocities in opposite directions, impinge directly. 
Shew that if after impact A la dX rest and B moves back 
with the velocity it had before impact, then the mass of A 
is twice that of B, 

(37). When two bodies impinge upon one another, shew 
that the velocity of their centre of gravity is the same before 
and after impact. 

(38). A given elastic body is thrown upwards; at what 
point must a hard horizontal plane be interposed, in order that 
the body may reach the ground again with the velocity with 
which it impinges upon the plane ? 

(89). A ball, whose elasticity is J, falls on a horizontal plane 
from a height of 16 feet; how long will it be before it has 
ceased to move (assume gravity =32)? 

(40). Two vertical planes are separated by an interval a. 
If a perfectly elastic ball be projected from one of them in 
a horizontal direction towards the other, with a velocity due 
to the height a, it will, after reflexion, strike the first plane 
at a distance a below the point of projection. 

(41). A body is projected with a given velocity along a 
smooth horizontal plane, it meets a small inclined plane whose 
intersection with the horizontal plane is perpendicular to its 
motion; find the inclination of the plane, 1st, when it causes 
the body to bound to the greatest distance along the horizontal 
plane, 2nd, to the greatest height. 
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(42). A perfectly elastic ball is projected upon a plane. 
If the angle of projection be 60^ and the inclination of the 
plane 30% shew that^ after rebounding from the plane^ the ball 
will ascend vertically. 

(43). A perfectly elastic ball fell upon an inclined plane 
at A, rebounded^ and again struck the plane at 3. If AB 
equal a, and the inclination of the plane be a^ shew that the 
height from which the body fell 

= g a cosec a. 

(44). A perfectly elastic ball is projected towards a distant 
wall^ in a direction making 45% with a smooth horizontal plane, 
and with a velocity which would be acquired in falling down 
2§ the height of the wall; compare the chances of the ball 
bounding over or striking the wall. 

(45). Find the length of a simple pendulum which vibrates 
90 times in a minute. 

(46). A clock loses 5 minutes per diem: how much must 
its pendulum be shortened in order that the error may be 
corrected? given that the length of a seconds' pendulum is 
equal to 39.14 inches. 

(47). A seconds' pendulum carried up to the top of a 
mountain, is found to lose 43".2 a day ; find the height of 
the mountain, supposing gravity to vary inversely as the sqtiare 
of the distance from the centre of the earth, and the radius 
of the earth to be 4000 miles. 

(48). The number of vibrations of two pendulums, whose 
lengths are I and H in the same time at different places are as 
m im-^ m ; determine the proportion of the force of gravity 
at these two places. 

(49). Two pendulums, whose lengths are I and ?, begin to 
oscillate at the same time and are again coincident after n oscil- 
lations of the former pendulum. Having given /, it is required 
to determine /'. 
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(50). A railway-txain is moving smoothly along a curve 
at the rate of 60 miles an hour, and in one of the carriages 
a pendulum^ which would ordinarily oscillate seconds, is ob- 
served to oscillate 121 times in 2 minutes ; shew that the radius 
of the curve is very nearly 2 furlongs. 

Suppose a stone to be dropped from the window of this 
carriage, how far from the rail would it fall? 



THB END. 
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— Light Explained, &c. Part I. ... ... 2s. 6d. 

Moor's (A. P.) Cambridge Theological Papers. 8yo. t^th, 7s. 6d. 
Napier^s (Prol) Bacon and Raleigh. Crown Bto. tHotk, 7s. 6J. 
Nind (W.) TranslaUon of Klopstock's Odes. ... ^s. 

Norris's (J. P.) School Room Addresses. 18mo. sewed, Sd. 

— Translation of Demosthenes on the Crown. Crown 8vo. Ss. 
NoBBisiAir Pkcee Esa^Ts: 

1846. Jones (J. H.) ... Svo. sewed 2s. 6d. 

1847. Kingsbury (T. L.) ... 8vo. sewed,, 3s. 6d. 
1849. Whittington (R.) ... Svo. bds. 4s. 6d. 
1852. Jameson (F. J.) ... Fcp. 8vo. eUrUi. 2s. 

Parkinson's Elementary Mechanics. Prepasring. 

Parkhurst's Lexicon. By Hugh James Rose. Svo. eloth, £1. Is. 
Perowne's (£. H.) Theocritus, Ghreek Text and English Notes. 

Prepcaing. 
Perowne's (J. J. S.) Arabic Grammar. Svo. doth, 5s, 

— * Notes on Isaiah. Svo. eloth, preparinff. 

* This i$ a part of a Series of Theolo^ictU Manuals, 

Phear's (J. B.) Elementary Mechanics. Svo. cloth, 10s. 6d. 

— Hydrostatics. ... ... Crown Svo. cloth, 5s. 6d. 

Plato's Republic. Translated by Davies and Vaughan. Crown 

Svo. cloth, 7s. 6d. 

— Book I. By A. R. Grant. ... ... 1*. 6d. 

, Pope's TAlex.) Works. By Roscoe. 8 vols. Svo. cloth, £4. 4*. 

V Pratt's (J. H.) Mechanical Philosophy. Svo. hds. £1. 1*. 

V Pritchard's (C.) Statical Couples. ... Svo, sewed, 4«. 

♦ Procter (F.) On The Common Prayer : Its History & Rationale. 

Nearly ready, 

* ThU is a part of a Series of Theologicdl Manuals which are in progress, 

V Puckle's (G. H.) Conic Sections. Nearly ready, 

Quintilian, Book X. With literal Translation. 2«. M, 

ReicheFs (Prof.) Sermons. Just ready. 
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Rest(»n^ion of Belief. Part I. Crown Svo. sewed, ^s^Bd. 

— Part IL ... — ••• ... 28. 6d. 

— Part III. In the Press. 
EobiDflon on Missions. ..« ... ... 3«. 

Russell's Modern Europe. 4 vols. 8vo. eUy&i^ £2. 12«. 

Sallust, with English Notes for Schools. By Merivale. Crown 

8vo. doih, 5s. 
Simpson's (W.) Epitome of Church History. Fcp. 8vo. eU>^, 5s, 
Smith's (Barnard) Arithmetic & Algebra. Crown 8vo. d. 10s, M, 

— Mechanics and Hydrostatics, Preparinff, 
Snowball's Trigonometry, Plane and Spherical. 8th. Edition, 

Crown 8vo. cloth, 7s, Qd, 

— Elementary Treatise. ... ... 8vo. sewed, 5s, 

— Mechanics. 2nd Edition. ... Svo. bds. Ss, 6d, 

— Cambridge Course. Crown 8vo. eloth. 5s, 

Sophocles' Electra, with Eng. Notes. By Dr. Badham. Preparing. 
Taylor's (Jeremy) Works. By Eden. Vols. 2 to 10. ehth, 

10s. Gd. Vol. linthe Press, 

Theocritus, Greek Text and English Notes, By E. H. Pebowne. 

Preparing, 
THEOLoaiCAL Manuals. 

The following mU sTiortly appear, 

1. Introduction to the Study of the Old Testiunent. 

2. Notes on Isaiah. 

3. Introduction to the Study of the Gospels. 

4. Epistles. 

5. Notes on the Gospels and Acts. 

6. ■ Epistles and Apocalypse. 

7. Church History, the First Six Centuries. 

8. The Middle Ages. 

9. The Reformation. 

10. 17th Century to the Present Time. 

11. The Common Prayer: Its History and Rationale. 

12. The Three Creeds. 

13. The Thirty Nine Articles. 

Others are in progress and mil he announced in due tme, 
Thring's (E.) Elements of Grammar. 18mo. doth, 2s, 

— Child's Grammar. ... ... 18mo. doth. Is, 

Thrupp's (J. F.) Psalms and Hymns. 18mo. cloth. Nearly ready, 
Titcomb's (J. H.) Bible Studies. Part I. 8vo. cloth, 3s. 6d. 
Todhunter's Differential and Integral Calculus. Crown 8vo. 

doOi, 10s. 6d, 
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Todhonter^s Analytical Statics. NearUf rtady. 

Trench's Hulsean Lectures, 184^^-46. 8vo. Mr. 7«. 6<l. 

Trollope's (W.) Justin Martyr, Dialogue L, the Greek Text 
with English Notes. ••• ... 8yo. hdsy Is. 6d. 

\/ Warren (J.) on the Square Boot. ... 8vo. hds. &s, 

Wilson's (W. P.) Dynamics. ... 8vo. bds. 9s. 6d. 

Wright's (Josiah) HeUenica. Part L Fcp. Syo. doth, a* . 6J. 

* Westeott's (B. F.) Introduction to the Study of the Gospels. 

Nearly ready. 
* — The Epbtles. Neasiy ready, 

* The§e form part of a Serie» of Theoioffieal MamuaU wkieh are m 



QUAXTO Sb&ibs. 

Ko. I. A Catalogue of the Original Library of St. Catharine's Hall, 
M.CCCO.I.XXT. By the Rey. Professor Cohrie, B.D. 1«. 6<2. — 
No. U. Abbreriata Cronica. By the Ber. J. J. Smith, M.A. 
2a. 6d. — No. IH. An Account of the Consecration of Archbishop 
Parker. Bj the Rev. J. Goodwin, B.D. 3«. W.— Nos. IV. and V. 
An application of Heraldry to the illustration of Uniyersity and 
Collegiate Antiquities. By H. A. Woodham, M.A. 5«.; 4«. 6d, — 
Nos. Vl. and YlII. A Catalogue of Manuscripts and Scarce Books 
in St. John'sCollege Library. By the Rc^. M. Cowib, H.A. 
4t. 6d. — ^No. Vll. A Description of the Sextry Bam at Ely, latdy 
demolished. By the Rey. Professor Willis, M.A. 3«. — ^No. lA. 
Architectural it'omenclature of the Middle Ages. By the Rev. 
Professor Willis, M.A. (Out of print,) — No. X. Roman and 
Roman-British Remains at and near Sheffi>rd, Bedfordshire. By 
Sir Henet Dktdbn, Bart., M.A. 6«. 6d, — No. XI. Specimens of 
College Plate. By the Rey. J. J. Smith, M.A. 15*.— No. XTT. 
Roman-British Remains. On the Materials of two Sepulchral 
Urns. By the Rey. Professor Hbmslow, M.A. 4«. — No. XIII. 
Eyanffelia Augustini Ghregoriana. By the Rey. J. Goodwin, B.D. 
£l.--No. XI Y. Miscellaneous Communications. By Messrs. A. 
W. FawKS, C. W. Goodwin, and J. O. Halliwbll. ISa, — 
No. XV. An Historical Inquiry touching St. Catherine of Alex- 
andria, illustrated by a semi-Saxon Legend. By the Rey. C. Haad- 
wioK, M.A. 12s. 

OcTAyo Sbbies. 

No. I. Anglo-Saxon Legends of St. Andrew and St. Veronica. By 
C. W. Goodwin, M.A. 2«. 6<f.— No. II. 3». 6rf. 



Report ; and Communications, No. I. U. — ^Ditto, No. II, 1«. 
Index to Baker's Manuscripts. 7«. Sd, 



New Work on Arithmetic and Algebra. 

Cambridge f August 1853. 

MACMILLAN AND CO. 

HAVE LATELY PUBLISHED 

Arithmetic and Algebra in their Principles and 

Application : with niunerous systematically arranged Examples, 

taken from the Cambridge Examination Papers. With especial 

reference to the ordinary Examination for B.A. Degree. By 

the Rev. BARNARD SMITH, M.A., FeUow of St. Peter's 

College, Cambridge. 

Crown 8vo. cloth, 10«. 6rf. 



OPINIONS. 
The Rev. Dr. PEACOCK, Dean of Ely. 

** A MOST USEFUL PUBLICATION. ThE RuLRS ARfl STATED WITH 
GREAT CLEARNESS. ThE EXAMPLES ARE WELL SELECTED AND 
WORKED OUT WITH JUST SUFFICIENT DETAIL WITHOUT BEINO EN- 
CUMBERED BT TOO MINUTE EXPLANATIONS; AND THERE PREVAILS 
THROUGHOUT IT THAT JUST PROPORTION OF THEORY AND PRACTICE, 
WHICH IS THE CROWNING EXCELLENCE OF AN ELEMENTARY WORK." 

Bey. JOSEPH HOBlfEB, M.A., Late Pellow of Clare Hall. 

** Some experience may perhaps warrant my offering an opinion 
that we haye not an elementary book on these subjects so well 
suited to the actual course of me ordinary B.A. Examinations, — 
eiUier as regards discrimination in omitting what is beside its 
especial purpose, simplicity, and clearness of elucidation, or an 
ample store of choice and well-assorted exercises." 

Rev. J. A. L. AIRE7, M.A., Late FeUow of Pembroke College, 
and Mathematical Master in Merchant Taylors School, London. 

** I have no hesitation in saying, that in my opinion, it is thb 

MOST CLEAR AND SENSIBLE TREATISE — AT ALL EVENTS ON ABITHMETIO 

— THAT 1 HAVE EYER SEEK The * Recuotis foT the Processes,* 

by which the Rules are followed up, are very satisfactory. In 
Vulgar Fractions especially, he seems to me particularly successful 
— cmefly, I believe, because he never allows the idea and form of a 
fraction to be lost sight of throughout every example in which they 



occur," 



Mr. Barnard Smith's Arithmetic and Algebra, 

OPJSlOUfS^Gmiimted. 

J. POBTEB, Esq. MJL, Fdloir of St. Peter's CoUege, and 
ICathematical Master of the Lrrerpool Collegiate Institmtion. 

" I have been using Ifr. Barnard Smith's work on Arithmetic 
as a text-book in my Classes since its publication^ and I haye no 
hesitation in pronouncing it the best book on the subject with 

wfaieh I am acquainted As would be expected 6om the 

author's extensiye 'experience in tuition* he has seen the precise 
points where the pupil would be likely to encounter difficulty. 
For clearness of explanation and precision in definition the book 
is in my opinion unequalled. The examples are admirably chosen, 
so as to exercise at the same time the reasoning powers of tiie 

Pupils, and ensure dexterity in Arithmetical operations 

The work is, I think, equally well adapted for a text-book in our 
Public Schools as for the purpose for which it was primarily 
intended." 

Ber. C. SCOTT, MJL, of St. John's College, Cambridge, Mathe- 
matical Master of Wimbome Dorset Grammar School. 

'* As iar as the Arithmetic is concerned it is the best book on 
the subject I hare seen. The definitions and explanations are full 
and easily comprehended. It places in a more prominent light 
than any other Arithmetic I have seen, the difficulties which all 
boys meet with and endeayour to pass oyer without comprehending." 

Be?. S. ELAWTBET, Mathematical Master, Eton. 
** Tutors preparing young men for College will find the book 
inyaluable. I cannot but think it must supersede all others." 

llev. T. WnjKmSON, Her Majesty's Inspector of Episcopal 

Schools in Scotland. 

«I haye had the opportunity of recommendine Mr. Bamaid 
Smith's yaluable Work into many schodk in my distiict, and it 
has eyerywhere giyen the greatest satisfiiction." 

Educatioiud Times, Mareh, 1853. 

*' It is a good solid yolume of upward of 500 pages, including 
eighty pa^es of yaluable Appendices, in the farm of Senate-House 
Examination Papers, and Answers to the Examples It 

IS ONB OF TRB &EALLT GOOD BoOXS WRIOH THE W0BI.1> BSCBiySS 
ONLY WHEN A. TEACHEH OP THE FIB8T CULSS SITS DOWN TO DISC&OSB 
THE EXTENT OF HIS KNOWLEDGE AND THE SECRET OF HIS 8I700BSS. 

Eyeiy anticipation raised by the title-page is honourably 

fdlfllled by the text." 

Educator, ^ay, 1853. 
" The definitions are exact, the examples well chosen, and the 
Sluatrations of the processes full and dear. 



Mr. Barnard Smith's Arithmetic and Algebra. 

OPINIONS— Continued, 

Rev. W. J. UNWIN, Principal of Homerton CoUege. 

" I have adopted Mr Barnard Smith's * Arithmetic and Algebra' 
in the Training Institution of the Congregational Board of Education 
as a Text-book for the Students, and 1 have eyery reason to be 
satisfied with it, as more adapted to my purpose man any other 
treatise with which I am acquainted." 

In Preparation (by the same Author), 

Mechanics and Hydrostatics. On a similar plan. 



NEW MATHEMATICAL WOEKS. 
A Treatise on the Differential Calculus; and the 

Elements of the Intenal Calculus. With numerous Examples. 
By I. TODHUNTEK, M.A., Fellow of St. John's College, 
Cambridge. Crown 8yo. cloth, lOs. 6d. 

**T0 THX DDfFESEMT CHAPTBB8 WILL BE FOTJin> APPXNDXD EXAMPLBS BVT-^ 
FICTEKTLY ITUXEBOUS TO KBMSSB AVOTHBB BOOK VK1IXCE88ABT. The 

examples have been selected almost exclusively firom the College and 
XTnioersiiy JBxammaUon Papers,**— Tkotacb, 

" A Tbbatisb which will takb its placb axonqst oub Stakdabd Educa* 

'TIONAL WoBKS. ThK BXPLANATIONH IN THB BABLT PABT8 OF THB 
TOLrVB ABB CLBAB AMD COKVINCIKe AND CANNOT FAIL TO INTBBB8T THX 

8TVSBNT.*' — English JowmaX of Education, 

** Fob. THB SBEAT BULK OF MATHBMATICAL 8TCDBNT»— EaPBOIALLT AT THE 
BXOINNINa OF TKBIB A0QT7AIMTA|fCB WITH THE OALCULTTCh- WX HAVE NOT 
SEEN A TBXATI8X BO WXLL ABASTED AS THB PBB8BNT." — AthenOWm, 

Shortly wiU be Published {by the same Author), 

A Treatise on Analytical Statics. 

With numerous Examples. Crown 8to. doth. 

Solutions of Senate-House Problems for Four Tears 

(1848 to 1851). By N.M. FERRERS, and Rev. J, S. JACKSON, 
Fellows of Caius College, Cambridge. 8vo. cloth, Ids, 6d. 

An Elementary Treatise on the Differential and 

Integral CalciQus. For the use of Colleges and Schools. By 
G. W. HEMMING, M.A., Fellow of St. John's CoUege, 
Cambridge. Second Edition, with Coxrectiona and Additions. 

8vo. cloth, 9«. 

This Editioa has been eareftilly royised 1]y the Author, and important altera- 
tions and additions have been introdnced for the sake of rendering the 
work more available for School use. 

" I%ere is na hook in common use from iehich so eUar and exact a Xmoto- 
ledge of the principles of the Calculus can be so readily obtained." 

LiTXBA&T GazXTTX. 

"Merits our highest eommendation,**—^XQiJsa Jovbxal of Edtjcatiok, 
March 1853. 



New Mathematical Works, 



A Treatise on Elementary Mechanics: 

With numerous Examples. By STEPHEN PARKINSON, 
M.A., Fellow and Assistant Tutor of St. John's College, Cam- 
bridge. Preparing, 

Elementary Mechanics. 

Accompanied by numerous Examples solved Geometrically. 
Bv J. B. PHEAR, M.A., Fellow and Mathematical Lecturer 
of Clare Hall, Cambridge. Svo. bds. 10«. 611?. 

*' The task i» well executed .... His arrangement is lueidt his proofs 
simple and beaui^fitl" — Tmc Educator. 

By the scone Author, 

Elementary Hydrostatics. 

Accompanied by numerous Examples. Crown Svo. cloth, 68, 6d, 

**An excellent introductory Book, The definitions are very clear: the 
descriptions and explanations are sufficiently full and intelligible : the 
investufotions are simple and scientific. The examples greatly enhance 
its value.** — Enqlish Joubnai. 07 Education, March 1853. 

A New and Cheaper (the eighth) Edition of 

The Elements of Plane and Spherical Trigonometry. 

Greatly improved and enlarged. By J. C. SNOWBALL, M.A., 

Fellow of St. John's College, Cambridge. 

Crown 8yo. cloth, 7«. 6</. 

This edition has been car^f^tUy revised by the anxthor, and some important 
alterations and addinons have been introduced, A large addition has 
been made to the collection ofEXAniUBB fok pbaoticb. 

** A new Sdition cf an old favourite text-book^ and an improvement on the 
seven that have preceded it in several respects. It has been carqfitUy 
revised throughout ; the methods for establishing the most important pro~ 
positions are superior; more than 200 new examples— taken from recent 
Examination Fiwars—hane been added ; and to crown all, the price has 
been reduced. What more need be said to secure for it a weUMme from 
those who wish to make themselves masters of the important std^ect sf 
which it treats?**— AxBXJifMVU, March 12, 1858. 

An Elementary Treatise on the Lunar Theory, 

\ with a brief Sketch of the History of the Problem up to the 

time of Newton. By HUOH OODFBAY, B.A., of St. John's 
College, Cambridge. 8yo. 69, 6d. 

"As an elementary treatise we think it may Justly claim to supersede aU 
former ones,** — ^Phiixmofhical MAeAXimt, June 1858. 

€ambril»gf : MACMILLAN & Co. 

Xontron: George Bell. SttMln: Hodges & Smith. 

lEDinlnursift : Edmonston & Douglas. 

ifilasgotn: Jas. Maclehose. 
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CAMBRIDGE, Jufy, 1854. 

MACMILLAN & CO/S 

PUBLICATIONS. 



JB8GHYLI Enmenides. 

The Greek Text with English Notes : with an Introductioni containing an 
Analysis of C. O. Miiller's Dissertations ; and an English Metrical Translation. 
By BERNARD DRAKE, M.A., Fellow of King's College, Cambridge; Editor 
of " Demosthenes de Corona." 8to. cloth, 7«. M, 

*' A goodly text, with Engliah notes and an infonning introdnetion. To theio Mr. Drake has 
addad an Bag Hah Tersfoo, which morr than conveys to the reader an Idea of the action of the 
pieee and the weight of tiie sentiments. The Choruses are firee, animated, and poetical.**— 
SpeeMoTt AprUnt 1858. 

"AL-ADJBUMIIEH."— Elementary Arabic Grammar, with a 

Translation. By J. J. 8. PEROWNE, M.A. Fellow of Corpus Christi College, 
Cambridge, and Lecturer in Hebrew in King's College, London. 8vo. cloth, 5«. 

ANTH0L06IA Latina Selecta. 

In 2 vols. Small 8vo. 

Vox.. I.-~Containing select Epigrams of Catullus, Virgil, Claudian, Ausonias^ 

with others firom the Anthologia Latina. 
Vol. II. — Containing select Epigrams of Martial. 

Edited with English notes, by J. E. B. MAYOR, M.A., Fellow and Classical 
Lecturer of St. John's College, Cambridge, Editor of Juvenal. 

ABISTOFHAHES. The iG^reek Text revised, with a Com- 
mentary. By W. O. CLARK, M.A., Fellow and Assistant Tutor of Trinity 
College. [Preparing. 

ARISTOTELES de Rhetorica. The Greek Text, with English 

Notes. By A Fbllow of Trikxtt Collesx. [Preparing. 

BACON AND RALEIGH— Lord Bacon and 6ir Walter 

Raleigh: Critical and Biographical Essays. By MACVEY NAPIER, Esq. 
late Editor of the Edinburgh Review and of the Encyelopadia Britanniea, Post 
8vo. cloth, 7*. 6d. 

** Both Bsaays exhibit a very remarkable combinatioa of Jodgment and painsUking researck. 

The Essay on Raleigh Is likely to be more Interesting to the miOo'itT of readers, and is 

perhaps the most discriminating sketch of iu inbjeet to be met with."— ^lAetuntm. 

BOLTON'S Evidences of Christianity. 

The Evidences of Christianity as exhibited in the Writings of its Apologists 
down to Augustine. An BHmv w^(^ obtained the Hulsean Prise for the 
Year 1852. By W. J. BOLTOiT, of Gonville and Caius College, Cambridge. 
8vo. cloth, 6«. 

** Deserres to become a text-book on the tubject.**— C%m/Kin Remembroiteert /uiy, WH. 

BOOLE.— The Mathematical Analysis of Logic. 

By GEORGE BOOLE, Professor of Mathematics, Belfast. 8vo. sewed, 5e. 
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% MACMILLAN & CO/S PUBLICATIONS. 

BUBNET Prize Essay. 

1847. G. H. FORBES. 8vo. l>ds. 5«. M. 
1850. G. P. PRESCOTT. 8vo. svrd. 1*. 6d. 

BUTLER (Professor Archer.)— Sermons, Doctrinal and Prac- 
tical. By the Rev. WILLIAM ARCHER BUTLER, M.A. late Professor 
of Moral Philosophy in the University of Dublin. Edited, with a Memoir of 
the Author's Life, by the Rev. Thomas Woodward, M. A.Yicar of Mullingar. 
With Portrait. Second Edition. 8vo. cloth lettered, 12«. 

" These Sermons present & rieber eombioation of the qualities for sennoas of the flnt class 

than we hare met with In any liring writer discrimination and earnestness, beauty and 

power, a truly philosophical sirfrit. They are models of their }L\oA.^^-Brituh Quatierlif, 

** A burning and shhiing WgbU^—BiAop i^ a»eter. 

BUTLER (Professor Archer.)— Lectures on the History of 

Philosophy. From the Earliest Times till the Neoplatonists. By the 
Rev. W. ARCHER BUTLER, late Professor of Moral Philosophy in the 
University of Dublin. Edited, ftt>m the Author's Manuscripts, by W. H. 
Thompson, M.A. Fellow of Trinity College, and Regius Professor of Greek 
in the University of Cambridge. 2 vols. 8vq. IPriparinff. 

BUTLER (Professor Archer). Letters on the Development 

of Christian Doctrine, in Reply to Mr. Newman's Essay. 8vo. cloth, lO*. Bd. 

CAMBRIDGE.— Cambridge Theological Papers. Comprising 

those given at the Voluntary Theological and Crosse Scholarship Examina- 
tions. Edited, with References and Indices, by A. P. MOOR, M^A. of Trinity 
College, Cambridge, and Sub-warden of St. Augustine's College, Canterbury. 
8vo. cloth, 7#. 6d. 

CAMBRIDGE PROBLEMS.— Solutions of the Senate-House 

Riders for Four Years (1848 to 1851). By the Rev. F. J. JAMESON, M.A. 
Fellow of Caius College, CaXabridge. 8vo. cloth, 7a. 6d, 

CAMBRIDGE PROBLEMS.— Solptions of Senate-House 

Problems for Four Years (1846 to 1851). ^^^sM^* M. FERRERS, and- Rev.. 
J. S. JACKSON, Fellows of Caius College, Camb?i4ge. 8vo. cloth, 16*. 6d. 



CAMBRIDGE PROBLEMS, 1854.— Solutidfi^ of the Pro- 
blems proposed in the Senate House Examination, Jan?»y 1864. By the 
Moderatoi^s (W. WALTON, M.A. Trinity College, and C.X* MACKENZIE, 
M.A. Fellow of Caius College). In 8vo. 1, [Shortly. 

CAMBRIDGE.— Cambridge Guide: Including Hi^ncal and 

Architectural Notices of the Public Buildings, and a concise A^unt of the 
Customs and Ceremonies of the University, with a Sketch of the W?cc* "*08t 
worthy of Note in the County. A Nevr Edition, with Engravings tall^^ Mxi^. 
12mo. cloth, 5«. 6d. ]H 

CAMBRIDGE PITZWILLIAM MUSEUM.-A HajDid-B^o^ 

to the Pictures in the Fitzwilliam Miiseuih, Cambridge. Crown ivo. 8ew**» 
U. 6d. ; or in cloth elegant, it. 6d, \ 

CAMBRIDGE. — Cambridge Mathematical Journal. Vol, ^ 

Second Edition, 8vo. cloth, 18«. ., . .» T 
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CAMBRIBGE.—Gambridge and Dablin MatbeiAaticalJotimal. 

Eight Vols. 8vo. cloth, 6/. 8*. 

GICEEO^-- Cicero on Old Age, literally Translated by an M.A. 

12mo. sewed) 2s. 6d, 

CICEBO.—Gicero on Friendsbip, literally Translated by an 

M.A. 12ino. sewed, 24. 6d. 

CIiABE.— Aristophanes, a revised Text with a Commentary 

by W. G.CLARK, M.A. Fellow and Assistant Tutor of Trin. CoU. Cambridge. 

iPreparing, 

COLENSO.— Village Sermons. By Bev. J. W. Colenso, B.D. 

Bishop of Natal. Second Edition. Fcp. Svo. cloth, 2s. 6d. 

CODPEB.— A Geometrical Treatise on Conic Sections. By 

the Bev. J. £. COOPER, M.A. Fellow of St. John's College, Cambridge. 

[Pr^ariim. 

DAVIES AND VAUGHAN -Plato's BepuWic. 

A New Translation into English, with an Introduction and Notes. 3y two 
Fellows of Trinity College, Cambridge, (D. J. VAUOHAN, M.A. and the 
Rev. J. LL. DAVIES, M.A.) Crown Svo. cloth, 7s. 6d* 

** A really good, \ij which we mean a literal and elegant translation."— 5j)ee/a<or. 

DEMOSTHENES.— Demosthenes de Corona. 

The GMek Text, with English Notes. By BERNARD DRAKE, M.A. 
Fellow of King's Coll. Cambridge, Editor and Translator of the *' Eumenides 
of ^schylus." Crown 8vo. cloth, 5s. 

** A neat and umAiI viMon.^—Athenmum. 

DEMOSTHENES. — Translation of Demosthenes on the 

Crown. By the Rev. J. P. NORRIS, Fellow of Trinity College, Cambridge, 
and one of Her M^esty's Inspectors of Schools, Cloth, 3s. 

** The best translation that we remember to have seen."— Ltl. Qazette. 

" Admirably representing both the sense and style of the original.** — Aihenetum. 

DBAEE.— Notes Ex{>lanatory and Critical on the Books of 

Jonah and Hosea. By the Rev. W. DRAKE, M.A. late Fellow of St. John's 
College, Cambridge. Svo. cloth, 9«. 

DRAKE.— JEschyli Eumenides. 

The Greek Text with English Notes: with an Introduction, containing an 
Analysis of C. O. Miiller's Dissertations ; ^nd an English Metrical Transla- 
tion. By BERNARD DRAKE, M.A. Fellow of King's College, Cambridge, 
Editor of " Demosthenes de Corona." Svo. cloth. Is. 6d. 

EUCLID.— Enunciations and Corollaries of the Propositions 

of the First Six Books of Euclid, together with the Eleventh imd Twelfth. 
l8|BO. sewed, Is, 



4 MACMILLAN & CO.'S PUBLICATIONS. 

£YANS.-Boimet8 on the Death of the Duke of WelUngtOfl, 

by SEBASTIAN EVANS. 8vo. sewed, It. 

FERRERS AKD JACKSON.— SolntionB of Senat^-honw 

Problems for Four Years (1848 to 1851.) By N. M. FERRERS, and Rev. 
J. S. JACKSON, Fellow* of Caius College, Cambridge. 8vo. cloth, I5«. 6d. 

FROST.— The First Three Sections of Newton's Principia. 

With Notes and Problems in illustration of the subject. By PERCIV AL 
FROST, M.A. late Fellow of St. John's College, Cambridge and Mathe- 
matical Lecturer of Jesus College. Crown 8vo. cloth. [In ike Pren. 

FROST.— Thncydides, Book VI. The Greek Text, and English 

Notes : with a Kap of Syracuse. By PERCIV AL FROST, Jun. H.A. late 
Fellow of St. John's CoUege, Cambridge. 8vo. cloth, Is. 6d. {Readg. 

" Done in a bifhiy ntisfketorjr manner.**— iMAeiwvMM. 

G0DFRA7.— An Elementary Treatise on the Lunar Theory. 

With a brief Sketch of the History of the Problem up to the time of Newton. 
By HUGH OODFRAY, B.A. of St. John's College, Cambridge. 8vo. cloth, 
5s. 6d. 

** As an Hementary treatise we think it nay Justly claim to supersede all fonner ones.**— 
TMosopkieal MagaMhUt June 185S. 

GRANT.— Plane Astronomy. 

Including Explanationa of Celestial Phenomena, and Descxqttiona of Astnmo- 
mical Instruments. By the Rev. A. R. GRANT, M.A. Fellow of Trinity 
College, Cambridge. 8vo. boards, 6«. 

GRIFFIN.— The Theory of Douhle Refraction. By W. N. 

GRIFFIN, M.A. late Fellow and Assistant Tutor of St. John's College, Cam- 
bridge. 8vo. sewed, Is, 

GRIFFIN.— A Treatise on Optics, hy W. N. Griffin, MJL late 

Fellow and Assistant Tutor of St. John's College, Cambridge. 8vo. bds. 8«. 

HALLIFAX.— Bishop Halli&x's Analysis of the GivU Law. In 

which a comparison is occasionally made between the Roman Laws and those 
of England. A new Edition, with alterations and additions, being the heads 
of a Course of Lectures publicly delivered in the University of Cambridge, by 
J. W. GELDART, LL.D. 8vo. bds. %s. 6d. ; interleaved, 10«. 6d. ; double in • 
terleaved, 12«. 6d. 

HARDWICK.~A History of the Christian Church, daring the 

Middle Ages. By the Rev. CHAS. HARD WICK, M.A. Fellow of St. Catha- 
rine's Hallj and late Cambridge Preacher at the Cbapel Royal, Whitehall ; 
Author of <' A History of the XXXIX. Articles." With Four Maps con- 
structed for this Work by A. KEITH JOHNSTON, Esq. Crown 8vo. cloth, 
\Qs.ed. [Jusi Published. 

** Mr. Hardwiek Is to be oongraMlated on the saeoessfUl aeUeTement of a dlffieuU task.** • 
ChritUan Remembrmtuer, Oct. IMS. 

*«* This is part of a Series of Theological Manuals now in progresa. 
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HABDWIOK.— Twenty Sermons for Town Congregationfl. By 

the Rev. CHAS. HARDWICK, M.A. FeUow of St. Catharine's Hall, Cam- 
bridge. Crown 8vo. cloth, 6«. 6d. 

HARDWIGE.— A History of the Christian Church during the 

Refonnation. By the Rev. CHAS. HARDWICK, M.A. FeUow of St. Catha- 
rine's Hall, Cambridge. iPreparing, 

*»* This is part of a Series of Theological Manuals now in progress. 

HELLENICA; or, a History of Greece in Greek, beginning 

with the Invasion of Xerxes, Part I.; as related by Dlodorus and Thucydides. 
With Explanatory Notes, Critical and Historical, for the Use of Schools. By 
J. WRIGHT, M.A. of Trinity College, Cambridge, and Head Master of Sutton 
Coldfleld Grammar School. 12mo. cloth, St. 6d. 

*^^* The book is already in use in Rugby and other schools. 

" The Notes are exactly of tbat iUaatratlTe and tuggestlve natare whieh tbe itudent at the 
eommeneemeut of bis course most stands in need of, and which tbe scholar, who is also an 
experienced teacher, alone can supply.** — Educational IVmes, April, 1853. 

•* A good plan well executed.**— Guardtan, April 13, 1853. 

HEMMING.— An Elementary Treatise on the Differential 

and Integral Calculus. For the Use of Colleges and Schools. By G. W. 
HEMMING, M.A. Fellow of St. John's College, Cambridge. Second Edition, 
with Corrections and Additions. 8vo. cloth, 9«. 

*«* This edition has been carefully revised by the Author, and important alter- 
ations and additions have been introduced for the sake of rendering the work more 
available for school use. 

** There U no book in eommoo use ttcm which to dear and exaet a knowled|e ot the 
principlt's of the Calculus can be so readily obtained.**— £<r. GaMcUe. 
*' Merits our highest eoaunendation."— SngUih Journal </ Bdueationt Mardt, 1858. 

HERYET.— The Genealogies of onr Lord and Saviour Jesus 

Christ, as contained in the Gospels of St. Matthew and St. Luke, reconciled 
with each other and with the Genealogy of the House of David, ftom Adam to 
the close of the Canon of the Old Testament, and shown to be in harmony with 
the true Chronology of the Times. By the Lord ARTHUR HERYET, M.A. 
Rector of Ickworth with Horringer. 8vo. cloth, 10«. 6d. 

'■ Lord Hervey is entitled to the praise of havinf opened up new views of his subjeet, and 
. having treated it with a learned painstaking not often exceeded.**— JVbiteoV<»^''''« 

HOWES.— A History of the Christian Church during the First 

Six Centuries. By J. G. HOWES, M.A. Fellow of St. Peter's Coll. Camb. 

IPreparittff, 
*«* This is part of a series of Theological Manuals now in progress. 

HULSEAN ESSATS. 

1844. GRUGGEN (J. F.) S«. 6d. 1850. MACKENZIE (H.) {Preparing, 

1845. BABINGTON (C.) 5s. 1851. HEARD (J. B.) 2s. 

1848. WROTH (H. J.) 3s. 1852. BOLTON (W. J.) 8vo. cloth, 6«. 
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HUMPHRE7S.— Exercitationes lambicae; or, Frogressiire 

Exercises in Greek Iambic Verse. To which are prefixed, the Rules of Greeic 
Prosody, with copious Notes and Illustrations of the Exercises. By £. R. 
HUMPHREYS, LL.D. Head Master of the Cheltenham Grammar School. 
Second Edition. IJiut Beadf, 

HULBERT.— The Gospel Bevealed to Job: or Patriarchal 

Faith and Practice illustrated. By C. A. HULBSRT, M.A. 6to. doth, 12«. 

HTMER8.--A Treatise on Analytical Geometry of Three 

Dimensions. Third Edition. By J. HYMERS, D.D. late Pellow and Tutor 
of St. John's College, Camhridge. 8to. hds. 10«. Bd, 

HTMERS.— Elements of the Theory of Astronomy. 

Second Edition. By J. HYMERS, D.D. 8vo. bds. 14«. 

HTMERS.--A Treatise on Conic Sections. 

By J. HYMERS, D.D. 8vo. bds. 9t. 

HYMERS.— A Treatise on the Theory of Algebraical Equa- 
tions. Second Edition. By J. HYMERS, D.D. Svo. bds. 9s. 6d. 

HTMERS.— A Treatise on Plane and Spherical Trigonometry. 

Third Edition. By J. HYMERS, D.D. Svo. bds. 8«. 6d. 

HYMERS.— A Treatise on the Integral Calculus. 

Third Edition. By J. HYMERS, D.D. Svo. bds. 1(M. 6d, 

JAMESON.— Solutions of the Senate-House Riders for Four 

Years (1848 to 1861.) By the Rey. P. J. JAMESON, M.A. Fellov of Caius 
College, Cambridge. 8yo. clotb, 7«. 6d. 

JEWELL.— Apologia Ecclesiss Anglicams. Huic novs 

Editioni accedit Epistolce celeberrima ad virum Nobilem D. Scipioneapa, Patri- 
cium Yenetum, de consilio Tridente conscripta. Fcp. 8vo. bds* i*. 6(1. 

JEWELL.— An Apology of the Church of England, and an 

Epistle to Seignior Scipio concerning the Coimcil of Trent, translated from the 
original Latin, and illustrated with Notes, chiefly drawn firom the Author's 
" Defence of the Apology." By A. T. RUSSELL. Fcp. 8vo. bds. 5*. 

JUSTIN MARTYR.-S. Justini Philosophi et Martyris 

Apologia Prima. Edited, with a corrected Text, and EngUsh Introduction 
and explanatory Notes, by W. TROLLOPE, M.A. Pembroke College, Cam- 
bridge. 8vo. bds. 7a. 6d. 

JUSTIN MARTYR.-Justin Martyr's Dialogue with Trypho 

the Jew. Translated from the Greek Text, with Notes, chiefly for the ad- 
vantage of English Readers. A preliminary Dissertation and a short Analysis. 
By HENRY BROWN, M.A. 8vo. bds. 9$. 
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^HJVENAL.— Juvenal : chiefly from the Text of Jahn. 

^ With EngKsli Notes for the Use of Schools. By J. E. B. MAYOR, M. A. 
PeUow of St. John's College, Cambridge. Crown 8vo. cloth, 10*. 6d, 

** A painstaking and eritieal edition.**— Spectator. 
"■■ *''Biiiib!ts aound and «xtensiTe seholanfaip."— CKr^Mum Bemembraneer, 
. ** The.leaminc and taste of the Editor are eminent."— Noncon/brmUt. 

" Seholarlllte and satisfactory."—L»f. Go*. 

** Intended for use in schools ; and well fitted for its purpose, but also worthy of a place in the 
library of more advanced students. Rich in useful facts and (ood authorities.*'— i<tAen<8»m« 

^INGSLET.— Lectures on the Alexandrian Philosophy. 

By Rev. C. KINGSLEY, Author of " Phaethon." Crown 8vo. cloth, 5*. 

EINGSLliT.— Phaethon ; or Loose Thoughts for Loose 

Thinkers. By the Rev. CHARLES KINGSLEY, Canon of Middleham and 
Rector of Eversley ; Author of " The Saint's Tragedy," &c. Second Edition. 
> Gxown 8vjo. boards, 2«. 

'• The Dialogue of Phaethon has striliing beauties viewed apart fk-om its expressed refereneo 
to this modern^ form of heresy; and its suggestions may meet half way many a latent doubt, and, 
'Uke^a ilg^t breexe, lift froni the soul clouds that are gathering heavily, and threatenthg to settle 
down in wintry gloom <Hi the summer of many a fair and promising young llte."~~8peetaitor. 

<' We cordially welcome Mr. Kingsley into the field of discussion on which he has here 
entered. It is one in which he is capable beyond most of doing the state some set vice.**— 
UritUh Quarterif. \ 

LATHAM.—Geometrical Prohlems in the Properties of Conic 

Sections, ^y H. LATHAM, M. A. Fellow and Tutor of Trinity Hall. 8vo. 
sewed, 39.64, 

LAW.— Remarks on the Fable of the Bees. 

By WILLIAM LAW, Author of ** A Serious Call." With an Introduction 
. by F.,D. MAURICE, M.A. ChaphiiB of Lincoln's Inn, Fcp. 8vo. cloth, 4f . 6d, 

L£ BAS. Prize Essay. 

1849. SCOTT (C. B.) 2i. 6<f. 

LETTERS from Italy and Vienna. 

Small 8vo. cloth, 5s. 6d. 

*' Living and life-like.**— fipeefofdr. 

** Since Mr. Matthew's well-ltnown and ever-fresh Diary of an Invalid, i»e bare not met with 
a more pleasant and readable volume." — Bngliih C/utrdtman, 

LUND.— A Short and Easy Course of Algebra. 

Chiefly designed for the use of the Junior Classes in Schools, with a numerous 
collection of Original easy Exercises. By the Rev. T. LUND, B.D. late 
Feih>w of St. John's College, Cambridge. Second Edition. 12mo. cloth> 3s. 6d. 

** His definitions are admirable for their simplicity and clearness.**— i</Aen«i«fn. 

LUND.— A Key to the Exercises contained in the "Short and 

Easy Course of Algebra." 12mo. limp cloth, 5s. 
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MACKENZIE.— The Beneficial Influence of the Cleisr duriag 

the first Thoasand Years of the Christian Era. By the late HENRY 
MACKENZIE, B.A. Scholar of Trinity College, Cambridge. Crovn 8vo. 
cloth. [In the Press. 

M COY. — Preparing for Publication ; to be completed in about Five Parts, 
inice Ss. each, forming One Volume 8to. of about 500 pages, with nearly 1,000 
illustrations in the text, drawn and engraved by the Author, 

A Manual of the Genera of British Fossils. 

Comprising Systematic Descriptions of all the Classes, Orders, Families, and 
Genera of Fossil Animals found in the Strata of the British Isles ; with 
figures of all the Generic Types. By FREDERICK M*COY, Professor of 
Geology and Mineralogy, Queen's College, Belfast; Author of "Characters 
of the Carboniferous Limestone Fossils of Ireland," " Synopsis of the Silurian 
Fossils of Ireland," one of the Authors of " Sedgwick and McCoy's British 
Palaeozoic Rocks and Fossils," frc. 

M'COT. — ^Preparing for Publication, in One Volume, crown 8vo. with numerous 
Illustrations, 

An Elementary Introduction to the Study of Pal8B(mtology. 

With numerous Figures illustrative of Structural Details. 

*«* This little Work is intended to supply all that elementuy informatioa on the 
Structure of Fossil Animals, with reference to the most nearly idUed existing 
types, illustrated explanation of technical terms, &c. which the beginner may 
require, but which would be out of place in the Author's systematic volume 
on the Genera. 

M'COT.— Contributions to British Palaeontology; or, First De- 
scriptions of sevens hundred fossu Radiata, Articulata, Mollusca, and Pisces, 

from the Tertiary, Cretaceous, Oolitic, and Palaeozoic Strata of Great Britain. 
With numerous Woodcuts. By Professor M'COY, F.G.S. Hon. F.C.P.S. 

*«* This forms a complete Series of the Author's Papers from the "Annids of 
Natural History." . [Nearlff Iteadu, 

M'COT AND SEDGWICK'S British Palseozoic Fossils. 

Part I. 4to. sewed, 16«. 
= Part II. 4to. sewed, 10*. 

MAURICE.— Lectures on Ecclesiastical History. Vol. I. 

By F. D. MAURICE, M. A. Chaplain of Lincoln's Inn. 10*. 6d. [Readg. 

MAURICE.— Lectures on Modem History and English 

Literature, delivered to the Students of King's College, London. By P. D. 
MAURICE, M.A. Chaplain of Lincoln's Inn. {Preparing. 

MAURICE.— Law's Remarks on the Fable of the Bees, with 

an Introduction of Eighty Pages by F. D. MAURICE, M.A. Chaplain of 
Lincoln's Inn. Fcp. 8vo. cloth, is. 6d. 

"This introduction discassps the Religious, Potitical, Soci«l, and Ethical Tli«ories of our 
day, and shows the special worth of Law's method,. and bow far it_is applicable to our eir« 
cumatanees,'* 



ICAUBICE.— Letter to Dr. Jelf, on the iiieaBin2:af,tii^:iifa!d 

Ktematii nd od the Pnnishment of the Wicked. Fiflli Thousand. With a 
Fiqal Letter to the Council of King's College, and a Preface of Seven Pages 
in answer to Dr. Jelf 's Preface to the Third Edition. Qt his Aeaaons, &e. 
8vo. sewed, U. 

MAURICE.— The Prophets and Kuigs of the Old Teetatttent. 

By F. D. MAURICE, M.A. Chaplain of Lincoln's Inn. Cxown 8vo. cl» 10«. 6d, 



•* NoMatciatti, no polltMrnn, M'ftudMK of htftory^ esa fUl to 4«ffi¥t liMttu stl w Ihm this 
^olvitM.**—SpeeUUor, Jan.fi, 

** Whatever obaeurity there may be in our author's other writings, here at least there is none. 
We eaoQot bat rejoiee that It is so, an4 that th«« 99 iKoeh that is tnc and tsImMo hmmm 
popular.**— Seo/NM SedeikuHeal'J&umat. 

** Bvioev not saereljr undiminished but IncreaMd inteUeefaal pomrer. Tbo IDII* te' practical 
and healthy."— £fi|r<uA Meview, April, 1858. 

** Has already stamped its impress deeply on the poblie mind, and promises to raise its author 
to a higbes position than ever as a leader of modem dionght.**— BnYtsA and foreign Bvan g tUbai 
Bevinft /time, 1858. 

** A volume that will take rank with the best of its class, and that will worthily oeeupy a place 
side by side with the sermons of Butler and Hocslcy."— JBHIM JBoniifr, /wm 1ft, 1868. - 

MAUBIGE.—Theological Essays. 

Second Edition, with a new Preface and other additions. By F. D. MAURIC£» 
M.A. Chaplain of Lincoln's Inn. Crown 6vo. doth, 10«. Hd, 

** They are Talnable as a eomplete exposition of his views of Christianity— the viewi oC a man 
who is powerftally inHueneing his generation, and who profoundly belieTcs in revealed religion 
as a series of facts disclosing God's plan for edueatinf^ and res^rlng the humss'ieae,'^^ 
Spectator^ Augwi 6, 1858. 

MAUBICE.— An Essay on Eternal Life and Eternal Death, 

and the Preface to the new Edition of the " Theological Essays." By F. D. 
MAURICE, M.A. Chaplain of Lincoln's Inn. Crown 8vo. sewed, It. 6tf. 

*«* Published separately for the purchasers of the first edition. 

MAYOR.— Anthologia Latina Selecta. 

Two Vols, small 8vo. Edited, with English Explaoatoiy Notes, hy J. £. B. 
MAYOR, M.A. Fellow and Classical Lecturer of St. John's College, Cam- 
hiidge. [Freparing, 

*»* The Volumes will be sold separately. 

Contents. — Vol. I. Select Epigrams of Catullus, Virgil, Claudian, Ausonius, 

with others ftom the Anthologia Latina. 
CovvBNTS.—'Vol. II. Select Epigrams of Martial. 

MAYOR.— Juvenal: chiefly from the Text of Jahn. 

« With English Notes for the Use of Schools. By J. £. B. MAYOR, M.A. 
Fellow of St. John's College, Cambridge. Crown 8vo. cloth, 10«. 6tf. 

" A painstaking and critical edition.**— Sjwcfotor. 

** Badiibits sound and extensive scholarship.**— GbnuMoM Bemam br aweer . 

** The learning and taste of the editor are eminent.**— Abneei|^m<if. 

" Scholarlike and satisfactory.**— lit. Gaa. 

•' Intended for use in schools ; and well fitted for its purpose, but also worthy of a place in the 

library of more advanced students. The editor, besides selecting a mors correct text than has 

■■ yet appeared in this country, has taken immense pains to supply the student with a valuable 

apparatus of accessory matter in the shape of notes. The Life of Juvenal, which precedes the 

text, is, like the notes, rich in useful facts and good authorities."— >I/A#nieum, pee. 8, 1853. 
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The Lena Text, wHh fengltifti N«t««. By CRAKLSS MBRIVALS, B.D. 
1«t» ft]l0ir sntf Ttttof of St. boko's College, Cjunbridge, ft«. Aittfiot of a 
*«flltt0t7«fltm»t,''fte; Grown 8to. doth, 9«. 

•• Onr jroathAil eUadeal Mbolan an hichlj Unand Id halnff provided with an Edition o 
> I«UiififlBmt9M«««pltokif4«p.JldltoK0|lr«M»dvslc."->4/A«iaip«m. -_ ' ;/ 

** Tbfi fehdol fididon dr ftalliut f* preeUcly wtkat tfie School Kditlon of a Latin author oufh' 

^« ^ ewfllfnt HUtaWi Tht BfiHafc Htwf* wliWi <■> aimndwiti w etw <Mid yiwy trtpful.'* 
— GuordMrn. 

MIMUCHFS FBLIZ.— The Ottavins of Iffitnuoixis Felix. 

Xxaulftto4 into Eoglteb by hOKD H AILES. F«». 6vo. o]atb» a«. «A 

MOON.*-iFresnel and his Followers. 

By R. MOON, M. A. Fellow of Queens' College, Cambridge, ivo. bdt. S«w 

MOON.— A E^ly to the Atiienffimn. 

By R, MOON, M.A. Fellow of Qumm' C»ll€|g»<, ftto. teW^dr U. 

>|[00K.— Professor Challis and Professor Tardy. 

By R. MOON, M. A. Fellow of Queent' CoUe^^e. Syo. iewed» l«. 

MOONr-Ught Bzplained. 

Part I. By R. MOON, M.A. Fellow of Queens' College. 8t6. sewed, 2s. 6d, 

MOOR.— Camhrldge Theological Papers, comprising those 

given at the Voluntary Theological and Crosse Seholarahip Examinations. 
Edited, with References and Indices, by A. P. MOOR, M.A. of Trinity Col- 
lege, Cambridge, and Sab- Warden of dt. Augustine's College, Canterbury. 
8vo. cloth, 7s. Sd, 

NAFIEIL— Lord Bacon and Sir Walter Baleigh. 

Critical and Biographical Essays. By MACVEY NAPIER, Esq. late Editor 
of the Edinburgh Bsview and of tho Enegehp«^ia SrUanniea, Post Sto. 
cloth, 7s. 6d. 

•* The Euay on Baaon flUs up an Importuit ahnpfeer fat cha history af Philosophy Th« 

Baaa J on Raleif h U by far the best life of that MmarlMhle man that lia« hithcit* h<«a pnhlished.'* 
— TV Eeonomtil. 

" It brings together %U tha reUahlt infonaatlon furaiihed by the prtnted authorities | sad addf 
thereto the special meilt of Intrstfoef ng fkcta previoosly unknown, from nnpubllshed M S8. , whlek ' 
Mr. Napier brought to Ugti.''-'N6ne9ttf&rntitt, 

" Full of instruction and entertainment."— Nomine PMt Man ^> IBM. 

NIND.—Elopstock's Odes. Translated from the German. 

By W. NIND, M.A. Fallow of St. Peter's College* Fep. 8to. cloth, 6«. 

K0BRI8.~-Ten School*Room Addresses. 

Edited by J. P. NORRIS, M.A. Fellow of Trinity College, and one of Her 
MiSJe>ty's Inspectors of Schools. 18mo. sewed, Bd. 



NORHIS.— A Translation of Bemotttbe&es Dit Vaii6 GrMm '- 

By J, P. NORRIS, M. A. FeUow of Trinity College, u»d one «f Hei Mljesty'ii 
' Inspectors of Scliools. Crown Svo. 3«. 

" Admirably representing botli the style and sense of the original.**— .<IM«fM»Mn. 

NOBRISIAN Prize Essays: ' 

18^. JO)9£S (J. H.) 8to. sewed, 1«40. WHITTINGTON (R.) Svo. ' 

2<. 6d. bds. 4§.6d. i 

1847. KINGSBURY (T. L.) 8yo. 1862. MMESOK (F.J.) Fcp. 8yo. 

sewed, 8*. 6(f. oloth, $». 

PARKINSON.--A Treatise on Elementaiy Mechanics. 

With numerous Examples. By S. PARKINSON, M.A. Fellow and Assistant 
Tutor of St. John's College, Cambridge. ilHr^tqrit^» 

PAYN— Poems, 

By JAMES PAYN. Fcp. 6yo. cloth, fl». 

** Let there always be a welcome for a ▼olanie of Poems so plesMiit and wflpeshlngas theee. . 
... .in the poet's tone there Is sinoerity and genial warmth, and in Uri litttple atlenuewe of pun 
sentiments, both refinement and winning beauty.**— iVoncofUbrmwf. 

" Contain thoughts of great beauty, too likely to eseape the Tapl4 an4i^efleell<ren«d«r>^ 
De QimMey, ** Orat and tfay," Tol. IL p; W, 

**^ Mr. Payn has oomlderabto deser^itlT* powers, and a stem slmpllelCya ttom -wlileh wa 
augur wril.'*—H^«s<m«iuln' Rtfriew. 

" Mr. Payn's * Pygmalion * erery artist may read with adraatage.**— 7Ae Builder. 

*' The happiness of yuuth and a simplicity that b by no meatts a nnitersa) gift of youih, light 
up its pages ; there is in Mr. Payn's poems that keeping which is the sure result of an honest 
expression of feeling, and entire ^bsenoe of bathos -and bomhast : be has vetaatllltT of style to 
suit variety of topie.'*— 3%« Speetatar, 

" He who eonceifed and wrote the poem entitled * Pygmalion,* need not be Indebted to any 
previotu writer for either matter or manner} ' Over the Pells* Is a poem of great aadTaHed 
power and interest; 'Love's Sacrifice* might have been written by Crabbewhen la his nMst 
genial mood.**— The BrUannia, 

PEROWNE.— Theocritus. 

The Greek Text, with English Notes, Ciittcal and Explanatory, for tW Uta 
of Colleges and Schools. By the ReT. E.H. p£ROWNE, M.A. FeUow of Corpus 
Christi College. Crown 8yo. {Nearlji Ready, 

PEROWNE.— ''Al-A^mmiieh." Elementary Arabic Grammar, 

with an English Translation. By J. J. S. PEROWNE, M.A.-Fd|ow koA 
Tutor of Corpus Christi College, Cambridge. 8to. cloth, 5>. 

PHEAR.— Elementary Mechanics. 

Accompanied by numerous Examples solved Geometrically. By J. B. 
PHEAR, M.A., Fellow and Mathematical Lecturer of Clare Hall, Cambridge. 
8to. cloth, 10<. 6df. 

" The task is well executed His arrangement is Ineld, hi* preaA simple and beautiftil.** 

^Th* Bdueator. 

PHEAR.— Elementary Hydrostatics. 

Accompanied by numerous Examples. By J. B. PHEAR, M. A., Fellow and 
Mathematieal Lecturer of Clare Hidl, Cambridge. Crown 8to. cloth, 5#. 6d. 

" An excellent introductory book. The definitions are very clear ; the deserlptioas and ex* 
planatioos are suflSeiently full and intelligible : the Investigations ar* simple and sdeatMe. The 
examples greatly enhance Its value.**— JSngUM Journal tff Eduction, Moreft, 185S, 
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PLATO.— The BepnbUe Qf Plato. 

Tianslated into English, with Notes. By Two Fellows 6t Trinity College, 
Cambridge, (J. LI. Davies M.A., and P. J. Vaughan, M.A.) Crown 8vo. 
cloth, 7s. 6d. 
" A ■oohd uad tchoUrly version done Into dholee Englisb.**— CftrMfton Remembrancer. 

PRATT.— The Mathematical Principles of Mechanical 

Philosophy. By J. H. PRATT, M.A., Fellow of Caius College. 

.*«* The above work is now oui of Print: but tA« Part on Statieo htu been re-odUed 
by Mr. Todhunterf with numerous alterations and additions : the Part on I>9namies, 
bff Messrs. Tait and Steele^ is preparing. The other parts will be published in sejpa- 
rate formi, liii|«oyeA and altei»d as m&y seem aaedftil. 

PROCTER.— A History of the Book od Common Pmyer: with 

a Rationale of its Offices. By the Rev. FRANCIS PROCTSR, M.A., late 
Fellow of St. Catharine Hall, and Vicar of VTitton, Norfolk. Crown 8vo. 

[/n the Press, 
%* This is part of a series of Theological Manuals, now in progress. 

PUGKLE.— An Elementary Treatise on Conic Sections and 

Algebraical Geometry. With a numerous collection of Easy Examples pro- 
gmnlTdly ananged, espeefally designed for the use of Schools and Beginners. 
By G. HALE PUCKLE, M.A., St. John's College, Cambridge, Mathematical 
Master in the Royal Institution School, Liverpool. Crown 8vo. cloth, 7s. 6d. 

** A better elMBentary book eould not be jmt Into the buidi «r a itndent.**— /nimai qf 



" DUpUys an intimate acquaintance with the diffleultiM likely to be felt, together with a 
lingular aptitude In remorlng them." — A^entmm, AprU 8, 1864. 

QUINTILIAN.-Qtdntilian, Book X. 

With a literal Translation. 12mo. sewed, 2s. 6d. 

REICHEL.— The Lord's Prayer and other Sermons. 

By C. P. REICHEL, B.D., Professor of Latin in the Queen's University ; 
Assistant Preacher in the Parish Church, Belfast; and Chaplain to his Excel- 
lency the Lord Lieutenant of Ireland. Crown 8vo. [In the Press. 

THE RESTORATION OP BELIEF. 

Crown 8vo. sewed 2s. 6d. each Part. , 

CoNTEiTTs. — Part I. Christianity in relation to its Ancient and Modem Anta- 
gonists. 

CoKTJBNTs.— Part II. On the Supernatural Element contained in the Epistles, 
and its bearing on the argument. 

CoKTBNTs. — ^Part III. The Miracles of the Gospels considered in their rela- 
tion to the principal features of the Christian Scheme. 
Which completes the work. {N'early ready. 

** We are clianned with the calm, lucid, and orderly treatment of this great question."— 
Bdeetie, Feb. 1853. ^ 

•* Calm and invincible logic"— AorM Sritiih KevieWt Nov. 1858. 
■ «* VTorthyofliecoininr one of our standard works (m the Christian Evidences.**— iVoneoi^/brmM, 
JTec. 16, 1852.. 

** Able and powerAil. Its theme is not one that we can discuss, but we bear willingjestimony 
to Uie writer's candour and to his power*. "—i4U«ti(eum. 
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BOBINSON.—MisfKions urged upon the State pn gnmiiAi 

both of Duty and Policy. An Essay wbich obtained th« Maitland Prize in 
the year 1853. By the Rev. C. K. ROBINSON, M-A-i Fellow and Assistant 
Tutor of St. Catharine's Hall, Cambridge. Fcp. 8vo. cloth, S«. 

** In this little wlame, whieb we lieartlly reeoimnend to our readers, we hftve foreibly bfoagk) 
before ua the elaima which Chriation Misaioiu have on the State."— CAriKuin Examiner. 

ROSE (Henry John).— An Exposition of the Articles of the 

Church of England. By the Rev. HENRY JOHN ROSE, B.D. late F«Ilow 
of St. John's College, and Hulsean Lecturer in the University of Cambridge. * 

[Preparing. 
*«* This is part of a Series of Theological Manuals now in progress. 

SALLUST.-SaUust. 

The Latin Text, with English Notes. By C. MEBIVALE, .B.D., lat» EeUoW 
and Tutor of St. John's College, Cambridge, &c., Author of a "History of 
Rome," &e. Crown 8vo. eloth, S«. 

** Our jronthfal elnaleal Kbotura are blghtf flavonred In being pmelitod wMi aa Mition of 
Sallust from ao aeeomplUhed an Editor aa Mr. Merirale.**— ilMeiuvwm. 

SIMPSON.— An Epitome of the History of the English 

Church during the first Three Centuries and during the Time of the Refor- 
mation, adapted for the use of Students in the Universities and in Schools. 
With Examination Questions. 2d Edition,- Improved. Fcp. Svo.'doth, 5#. 

SMITH.— Arithmetic and Algebra, in their Principles and 

Application: with numerous systematically arranged Examples, taken fh>m 
the Cambridge Examination Papers. With especial reference to 4he ordinary 
Examination for B. A. Degree. By BARNARD SMITH, M.A., Fellow of St. 
Peter's College, Cambridge. Crown 8vo. cloth, 10«. M, 

*■ A moat uaelbl publieation. The Rolea «n atated witit great elearaeta. The examplea are 
well-aeleetcd and worlied oat with Joat aufflcient detail without being enenml>ered by too minute 
ezplanationa ; and there prevaila throughout that juat proportion of theory and praeticiw whieb 
ia the crowning ezeellenee of an elementary work.**— 7%« Ret. Dr. Peaeoek, Dean ef Ay. 

** Tutor* preparing young men for College will find the book Invaloable. I cannot bttt think 
it must auperaede all othera.**— Aee. 5. Hotrfreir. Maihemalieal Maaler, Eton, 

SNOWBALL.— The Elements of Plane and Spherical 

Trigonometry. Oreatly improved and enlarged. By J. C. SNOWBALL, M. A. 

Fellow of St. John'^s College, Cambridge. A New and Cheaper(THE EIGHTH) 

Edition. Crown 8vo. cloth, 7s, 64, 
*«* This- edition has been careftiUy revised by the Author, and some important 
alterations and additions have beeE inttodQced. A lazge addition has been ouide id 
the collection of Example* for pnt^Hee. 

- A new Edition of an old to? oortta text-book, and an improvement on tiie aeven that have 
preceded. It in aeveral reapecta. U baa been earefblly reviaed throughout; the metboib for 
eatabliabing the moat important propoaitiooa are anperior ; more tlun tOO new examplea— taken 
from recent Examination Papera— have been added ; and to crown all* the price baa been re- 
duced. What more need be aald to aecure for It a welcome from those who wlah to make 
themaelvea maatera of the Important subject of wfaldi it treata f'-JUHeiutumt Hardk \% MS. 

SNOWBALL.— An Elementary TreatiM on Trigonometry: 

By C. J. SNOWBALL, M.A., Fellow of St. John's College, Cambridge. 
2d Edition, 8vo, sewed, 6f. 
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BNOWBiULL.— Cambridge Course of Elemental^ Nattiral 

Fhilosopliy. For use of Colleges and Sehoole. By J. C. SKOWBALL, M.A. 
Fellow of St. John's College, Oeiabridge. 4th Edition, crown 8ro. clofli, 5s. 

yj TAIT and STEELE.— A Treatise on Dynamics, with nmne- 

^ reus Examples. By P. G. TAIT and W. J. STEELE, Fellows of St. Peter's 

CpUege. [Priyartft^. 

THEOCBITUS.— Theocritus. 

The Greek Text, with English notes, Critical and Explanatory, foe the use of 
Colleges and Schools. By the Rev. E. H. PEEOWNE, M.A.,* Fellow of 
Corpus Chiisti College. Crown 8vo. {Nearly Rea4y. 

THEOLOGICAL Manuals. 

The following will shortly appear: — 

INTRODUCTION TO THE STUDY OF THE OLD TESTAMENT. 

NOTES ON ISAIAH. 

THS HISTORY OF THE CANON OF THE NEW TESTAMENT. 

[In the Pre»i. 
INTRODUCTION TO THE STUDY OP THE GOSPELS. 

— EPISTLES. 

NOTES ON THE GOSPELS AND ACTS. 

—EPISTLES AND APQCALYPSE. 

CHURCH HISTORY, TH^ FIRST SIX CENTURIES. 

THE MIDDLE AGES. Ready, price tO«» M. 

I . THE REFORMATION. 

p. 17th CENTURY TO THE PRESENT TIME. 

THE COMMON PRAYER : ITS HISTORY AND RATIONALE. 

[/n the Press. 
THE THREE CREEDS. 

THE THIRTY-NINE ARTICLES. 

*^* Others are in progress, and will be announced in due time. 

TJ^INO.— L The Elements of Grammar taught in English, 

By the Rev. £. THRING, M.A. late Fellow of King's College, Camhridge. 
Second Edition. l8mo. bound in cloth, 2s. 

THRIN6.-^2. The CMld's Grammar. 

Being the substance of the above, with Examples for Practice. Adapted for 
Junior Classes. A New Edition, ISmo. limp cloth, Is. 

*■ The bMk cannot be too itronyly recommended or too widely circulated. Its price is smtll 
•nd Its value great.*'— i<UA«naum. 
** A very able book it is, both In subsitance and torm.'*'- Spectator. 
** A genuine contribution to the w|ln^ of the age.'*— CAnniMtn rimes. 

IXtltf PP.— Psahns and Hymns for Puhlie Worship. Selected 

and Edited by the Rev. J. F. THRUPP, late Fellow of Trinity College, and 
Vicar of Barrington. 18mo. cloth, 2s. Second paper in limp cloth, \s. id. 
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